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Using the gauge invariant flow equation for quantum gravity we compute how the strength of
gravity depends on the length or energy scale. The fixed point value of the scale-dependent Planck
mass in units of the momentum scale has an important impact on the question which parameters
of the Higgs-potential can be predicted in the asymptotic safety scenario for quantum gravity. For
the standard model and a large class of theories with additional particles the quartic Higgs coupling
is an irrelevant parameter at the ultraviolet fixed point. This makes the ratio between Higgs boson
and top-quark mass predictable.
I. INTRODUCTION
The asymptotic safety scenario [1, 2] realizes quantum
gravity as a non-perturbatively renormalizable quantum
field theory, as summarized in [3–10]. If a particle physics
model coupled to quantum gravity can be extended to in-
finitely short distance, the free parameters of the model
correspond to the relevant parameters at the ultraviolet
(UV) fixed point. On the other hand, one can predict
every renormalizable coupling of the effective low energy
theory of particle physics at length scales much larger
than the Planck length that corresponds to an irrelevant
parameter at the fixed point. More precisely, for n rel-
evant parameters at the UV-fixed point and m renor-
malizable couplings of the low energy theory below the
Planck mass, there exist m − n constraints relating the
low-energy couplings.
Within this general setting the mass of the Higgs bo-
son has been predicted to be 126 GeV with a few GeV
uncertainty [11]. This prediction is based on three as-
sumptions: (i) The quartic scalar coupling λH is an irrel-
evant coupling at the UV-fixed point. (ii) The fixed point
value λH∗ is close to zero. (iii) The flow equations for λH
for momenta below the Planck scale do not deviate much
from the ones for the standard model. The present paper
addresses the first assumption (i). We want to know for
which type of particle physics models, specified by the
number of (almost) massless scalars, fermions and gauge
bosons at the fixed point, the quartic Higgs coupling is
an irrelevant parameter.
A previous detailed investigation [12] of this question
by use of the gauge invariant flow equation for quantum
gravity has been performed with strength of gravity at
the fixed point w−1 taken as an unknown parameter. The
question which parameters of the Higgs potential are rel-
evant or irrelevant depends in an important way on the
value of w at the fixed point, being possibly influenced
as well by a non-minimal coupling ξH of the Higgs dou-
blet to gravity. By taking w and ξH as fixed parameters
also the stability matrix for the flow away from the fixed
point is reduced to the parameters in the scalar potential.
This approximation influences the critical exponents θi,
which are the eigenvalues of the stability matrix. The
critical exponents decide if a coupling is relevant (θi > 0)
or irrelevant (θi < 0). The present paper computes the
flow equations for w and ξH and determines their val-
ues at the fixed point. The stability matrix at the fixed
point is extended to include these parameters. Within
the Einstein–Hilbert truncation for gravity we compute
the critical exponents in dependence on the number of
massless scalars, fermions and gauge bosons at the fixed
point.
In a quantum field theory for gravity the Planck mass
Mp(k) depends on the renormalization scale k, which is
a typical inverse length scale at which the effective laws
are investigated. Fluctuations with wave length shorter
than k−1 are included in the scale-dependent effective
action (or effective average action) Γk. Lowering k in-
cludes additional fluctuations and induces a scale depen-
dent Mp(k). The flow equation for M
2
p(k) takes the gen-
eral form
k∂kM
2
p(k) = 4cMk
2 . (1)
The gravitational interactions are universal and all par-
ticles contribute to cM . In particular, the contribution of
free massless scalars, fermions or vector bosons yield con-
stant contributions to cM since no mass scale is present
besides k, and dimensionless coupling constants are ab-
sent. The structure of the flow equation (1) is very gen-
eral and does not need the contribution from metric fluc-
tuations. While the metric fluctuations do not change
the structure (1), they induce a quantitatively important
part of cM which depends on the value of the (dimension-
less) effective scalar potential or “cosmological constant”.
For the dimensionless ratio w = M2p(k) /(2k
2) the flow
equation (1) shows a fixed point for w∗ = cM . In the
presence of additional dimensionless couplings cM has to
be evaluated for the fixed point values of these couplings.
At the fixed point Mp(k) scales according to its canonical
dimension [2]
M2p(k) = 2w∗k
2 , (2)
while for k much smaller than the observed reduced
Planck mass M¯p = 2.435 × 1018 GeV the running of the
Planck mass stops,
M2p(k) = M¯
2
p + 2w∗k
2 = 2w(k)k2. (3)
Here M¯2p may depend on fields, being independent of k.
We are interested in the UV-regime for which we want to
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2compute the fixed point value w∗. For this purpose we
need the flow equation for the dependence of w(k) on k.
Functional renormalization [2, 13, 14] permits to com-
pute the flow equation for w(k), both for pure quantum
gravity [2] and for gravity coupled to matter [15]. We
need cM in dependence on the number of massless real
scalars NS , massless Weyl or Majorana fermions NF , and
massless gauge bosons NV . There is already a rather sub-
stantial body of work for the computation of cM in vari-
ous truncations for the effective action of gravity [2, 16–
61]. The existing quantitative results are, however, more
widely scattered than needed for our purpose.
In order to increase the robustness of the result for
cM (NS , NF , NV ) we employ here the gauge invariant flow
equation for a single metric field [62]. It has the impor-
tant advantage that all physical information is contained
in the gauge invariant or diffeomorphism symmetric ef-
fective action Γ¯k which depends on a single macroscopic
metric field gµν . Diffeomorphism invariance imposes an
important restriction on the allowed couplings, reducing
greatly the number of possible couplings as compared
to an effective action without gauge invariance, or with
gauge invariance only realized by simultaneous transfor-
mations of a background field g¯µν and an independent
macroscopic metric gµν . For example, keeping only up
to two derivatives the gauge invariant effective action for
scalars coupled to gravity reads
Γ¯k =
∫
x
√
g
{
−F
2
R+ U +
NS∑
i=1
Ki
2
∂µϕi∂µϕi
}
, (4)
where we use the shorthand convention
∫
x
=
∫
d4x, and
F , U and K depend on k and are functions of the scalar
fields ϕi. Here R is the curvature scalar and g = det gµν .
We will work in this truncation, setting further Ki = 1.
We investigate the flow of U(ρ), as embodied in the
dimensionless quantity u(ρ˜) = U/k4, with ρ a suitable
bilinear of scalar fields and ρ˜ = ρ/k2. Similarly, we es-
tablish flow equations for F (ρ) or w(ρ˜) = F/2k2. For the
gauge invariant flow equation one finds a rather simple
result
k∂ku = 2ρ˜ ∂ρ˜u− 4u+ 1
32pi2
(
NS − 2NF + 2NV − 8
3
)
+
5
24pi2
(
1− u
w
)−1
, (5)
and
k∂kw = 2ρ˜ ∂ρ˜w − 2w + 1
96pi2
(
−NS −NF + 4NV + 43
6
)
+
25
64pi2
(
1− u
w
)−1
. (6)
This result uses the Litim cutoff function [63] and makes
a mild simplification in the sector of scalar fluctuations.
Constant scaling solutions for an UV-fixed point are
found by setting ∂ku = ∂ρ˜u = ∂kw = ∂ρ˜w = 0.
Within our truncation we find an acceptable UV-fixed
point with stable gravity for a large region in “theory
space” (NS , NF , NV ). This region includes pure gravity,
the standard model and many grand unified models. Our
truncation becomes doubtful for large positive values of
NS+NF −4NV . Discarding this doubtful extreme region
the quartic scalar coupling is found to be an irrelevant
parameter. It can therefore be predicted, giving support
to the prediction of the Higgs boson mass [11].
In sect. II we briefly recapitulate the gauge invariant
flow equation for the effective average action for quan-
tum gravity. Subsequently, we discuss separately the dif-
ferent contributions to the flow of the effective scalar
potential U(ρ) and the effective squared Planck mass
F (ρ). We start in sect. III A with the fluctuations of
massless scalars and continue in sect. III B with mass-
less gauge bosons. The gauge boson fluctuations alone
are sufficient to generate an acceptable UV-fixed point
for quantum gravity. Section III C addresses the coupled
system of gauge bosons and scalars for non-vanishing
gauge couplings, and sect. III D includes fermionic fluctu-
ations. Matter fluctuations alone generate an UV-fixed
point with stable gravity provided NS +NF < 4NV .
In sect. IV we discuss the flow contributions from fluc-
tuations of the metric. The gauge invariant flow equation
offers the advantage that the contributions from physi-
cal fluctuations are independent of the ones from gauge
modes and the regularized Faddeev–Popov determinant.
Sect IV A describes the dominant graviton contribution
from the traceless transverse metric fluctuations. In
sect. IV B we discuss the combined “measure contribu-
tion” from gauge modes and the Faddeev–Popov deter-
minant. Section IV C presents a simplified version of the
subleading contribution from the physical scalar metric
fluctuation. The full contribution is displayed in the ap-
pendices A and D.
In sect. V we discuss in detail the UV-fixed point solu-
tion for ρ-independent U and F . An approximate treat-
ment of the subleading physical scalar metric fluctua-
tions and their mixing with other scalar fluctuations al-
lows us to discuss many aspects analytically. The con-
tributions from matter fluctuations, as well as the mea-
sure contribution and the contribution from the physical
scalar metric fluctuations can be combined into two ef-
fective parameters N˜U = NS − 2NF + 2NV − 8/3 and
N˜M = −NS −NF + 4NV + 43/6. For all these contribu-
tions the propagator is the one for massless fields. Only
for the graviton contribution the value of U , correspond-
ing to a cosmological constant, influences the propagator.
Section VI addresses the consequences of our investiga-
tion for the predictability of the parameters of the Higgs
potential. This issue depends on the particle physics
model coupled to quantum gravity. The precise num-
ber of massless scalars, fermions and vector bosons for
the UV-completion of the standard model influences N˜U
and N˜M and therefore the precise location and properties
of the fixed point.
Many of the particles may acquire a mass proportional
3to the Planck mass M¯p as the flow of couplings moves
away from the fixed point. This is typically the case for
grand unified theories (GUTs). The effective low energy
theory below the Planck mass may be only the standard
model. Nevertheless, predictions for the fixed point and
critical exponents for small deviations from it depend on
the complete microphysical particle model. If the mi-
croscopic model remains the standard model the quar-
tic Higgs coupling is an irrelevant parameter and can be
predicted. In contrast, the mass term is a relevant pa-
rameter such that the gauge hierarchy is a free parameter
that cannot be predicted. This is similar for a minimal
GUT based on SU(5). For microscopic GUTs with a
large number of scalar NS the gravity induced anoma-
lous dimension for the scalar mass term and quartic cou-
pling increases due to the graviton propagator moving
close to the onset of instability. This is the region where
our truncation becomes doubtful. Unfortunately, at the
present stage no robust statement is possible on the ques-
tion if the mass term for the Higgs scalar becomes irrele-
vant (self-induced criticality) in GUTs with large NS as
SO(10). In sect. VII we present our conclusions.
II. GAUGE INVARIANT FLOW EQUATION
The gauge invariant flow equation for the gauge invari-
ant effective average action Γ¯k takes the form [62, 64]
k∂kΓ¯k = ∂tΓ¯k = pik − δk , (7)
with pik the contribution of physical fluctuations which
depends on Γ¯k, and δk a universal measure contribution
that is independent of Γ¯k. The contribution from physi-
cal fluctuations takes the one-loop form
pik =
1
2
Str {∂tRP GP } , (8)
where Str denotes a momentum integration and summa-
tion over internal induces, with an additional minus sign
for fermions arising from their Grassmann nature. The
full propagator GP for the physical modes is a functional
of arbitrary macroscopic fields, such that eq. (7) is a func-
tional differential equation. With P the projector on
the physical fluctuations, the physical propagator obeys
PGP = GPP
T = GP . The infrared cutoff function RP
acts on the physical fluctuations.
The relation between Γ¯k and GP involves the projector
on the physical fluctuations,(
Γ¯
(2)
k +RP
)
GP = P
T . (9)
In the presence of a local gauge symmetry the second
functional derivative Γ¯
(2)
k of a gauge invariant effective
action has zero modes corresponding to the gauge de-
grees of freedom. It is therefore not invertible. It is
invertible, however, on the projected subspace of phys-
ical fluctuations. This underlies the relation (9) which
remains meaningful even in the limit k → 0 where RP
vanishes. In short, the physical propagator is the inverse
of the second functional derivative of Γ¯k on the projected
subspace. For the flow equation, it is the inverse in the
presence of the IR-cutoff RP . Insertion of eq. (9) into
eq. (8) closes the flow equation, which becomes a func-
tional differential equation for Γ¯k.
Projection operators on physical fluctuations are nec-
essarily non-local objects. An example is the projection
on a transverse photon, P νµ = δ
ν
µ − qµqν/q2. At first
sight the gauge invariant flow equation (8), (9) seems
therefore to be plagued by severe non-localities. The ex-
plicit use of projectors can be circumvented, however, by
a simple procedure. One adds to Γ¯
(2)
k the second func-
tional derivative of a physical gauge fixing term Γ˜
(2)
gf /α,
Γ
(2)
k = Γ¯
(2)
k + Γ˜
(2)
gf /α, which renders Γ
(2)
k invertible. A
physical gauge fixing acts only on the gauge fluctuations,
obeying
PT Γ˜
(2)
gf = Γ˜
(2)
gf P = 0 . (10)
Adding also an IR-cutoff for the gauge modes Rgf/α, the
propagator in the presence of gauge fixing and IR-cutoffs
is given by
G =
[
Γ¯
(2)
k +RP +
1
α
(
Γ˜
(2)
gf +Rgf
)]−1
. (11)
No projectors are needed any longer for the inversion.
For α→ 0 one finds a block diagonal form of the propa-
gator matrix G, with a physical block GP and a block for
the gauge modes which vanishes ∼ α. As a consequence,
one has
1
2
tr
{
∂t (RP +Rgf/α)
(
Γ
(2)
k +RP +Rgf/α
)−1}
= pik + δk . (12)
The part δk arises from the block in G for the gauge
modes. This part of G is proportional to α, such that
multiplication with ∂tRgf/α yields a result that remains
finite for α → 0. It is given by a simple determinant in
the projected space of gauge modes
δk =
1
2
∂t ln det
(
Γ˜
(2)
gf +Rgf
)
, (13)
with Γ˜
(2)
gf a fixed differential operator, such that the k-
dependence arises only from Rgf. With given δk we can
compute the flow contribution of the physical fluctuations
pik from eq. (12) without any explicit use of projections.
Despite the close resemblance to the method of gauge
fixing the gauge invariant flow equation (8) does not use
any gauge fixing. The addition of Γ˜
(2)
gf /α should be seen
as a purely technical device for an effective computation
of GP , as defined by eq. (9). The relation (10) and the
limit α → 0 are mandatory, and there is no freedom for
the choice of a gauge fixing.
4The measure factor in eq. (7) amounts to −δk, with
δk a universal expression given by eq. (13) [62, 64]. It
expresses the presence of non-linear constraints for the
physical fluctuations. Omitting the measure term −δk in
the gauge invariant flow equation (7) would erroneously
treat the physical fluctuations as unconstrained fields. In
the present approach the measure contribution is univer-
sal since the presence of constraints does not involve the
form of the effective action Γ¯k. It is based [62] on the
direct regularization of the Faddeev–Popov determinant
and no ghosts are introduced. It is not known if this type
of IR-regularization is sufficient for all purpose. For the
present level of truncation we establish explicitly in Ap-
pendix D the equivalence with a regularization of ghost
propagator.
Despite the conceptional difference, eq. (12) can also
be viewed as the flow generator for a gauge fixed theory
with a truncation of the form
Γk = Γ¯k + Γgf , Γ
(2)
gf =
1
α
Γ˜
(2)
gf , (14)
up to a part from ghost fluctuations. This holds provided
one uses for Γgf a physical gauge fixing that only acts
on the gauge modes. The ghost contribution amounts to
−2δk, having the same structure as the contribution from
gauge fluctuations, but with opposite sign and a factor
two. We therefore observe a rather close relation between
the gauge invariant flow equation and the background
field method with a particular physical gauge fixing and a
particular truncation. This relation is discussed in detail
in Appendices A and D.
The quantity Γ˜
(2)
gf appearing in the measure term (13)
follows from
Γgf =
1
α
Γ˜gf =
1
2α
∫
x
√
g DµaµνD
ρa νρ (15)
by second variation with respect to the gauge fluctuation
aµν . It corresponds to a physical gauge fixing condition
Dµhµν = 0, with hµν = fµν + aµν the fluctuation of the
metric around the macroscopic metric gµν , and fµν the
physical fluctuation. Gauge transformations only act on
aµν , leaving fµν invariant. By construction, Γ˜
(2)
gf obeys
the projection condition (10). The precise form of Γ˜
(2)
gf
will be discussed in sect. IV.
The infrared cutoff functions RP and Rgf involve co-
variant derivatives formed with the macroscopic metric.
This dependence on the macroscopic metric is a crucial
feature for guaranteeing gauge invariance in a formula-
tion with a single macroscopic metric and no separate
“background metric”. As a consequence of the formula-
tion in terms of a single metric, the derivatives ∂t = k∂k
and ∂/∂gµν commute. For example, the flow equation
for the graviton propagator follows directly from the sec-
ond functional derivative of pik − δk with respect to the
metric. This feature is an important difference as com-
pared to the background field formalism, even if one uses
for the latter the truncation (14). Derivatives of the flow
generator with respect to the metric contain parts that
involve field-derivatives of Rk. This results in additional
diagrams for the flow equation for propagators or ver-
tices. These additional diagrams involve external lines
“ending” in the Rk-insertion. They are not present in
the background field formalism. It is a crucial advantage
of the gauge invariant formulation with a single metric
that physical propagators and vertices can be extracted
directly from functional derivatives of the gauge invari-
ant effective action Γ¯k for k → 0. The gravitational
field equations imply that source terms involve always
a covariantly conserved energy momentum tensor. This
property does not hold automatically in the background
field formalism.
We conclude that the gauge invariant flow equation has
many attractive properties. What is not settled at the
present stage is the question if this equation is exact, or if
it is only an approximation to a more complicated func-
tional differential equation for Γ¯k. If the macroscopic
metric is identified with the expectation value of the
microscopic metric, and Γ¯k is defined by the standard
implicit functional integral over fluctuations (functional
differential equation or “background field identity”), the
flow equation (8), (9) is only an approximation [64]. In
this case the exact gauge invariant flow equation for Γ¯k
involves a gauge invariant correction term. It has been
argued that equation (8), (9) can become exact if one
chooses a different macroscopic metric and modifies the
definition of Γ¯k. This requires that the differential equa-
tion relating an optimized macroscopic metric to the ex-
pectation value of the microscopic metric admits a solu-
tion [62]. Only the existence of a solution is needed, but
a proof or disproof of existence is not available so far.
III. MATTER INDUCED FLOWING PLANCK
MASS
In this section we compute the contribution to the flow
equations for the effective scalar potential U and the co-
efficient of the curvature scalar F from fluctuations of
scalars, gauge bosons and fermions. We partly recover
results of earlier work for a a subclass of employed meth-
ods and choices of cutoff functions, and trace the origin
of the differences to other results. Since no metric fluc-
tuations are involved at this stage, the issue of gauge
fixing for diffeomorphism symmetry does not matter at
this stage. What is important for the differences between
earlier results in the background formalism or flow equa-
tions violating gauge symmetry is the treatment of terms
in Γk involving the differences between macroscopic fields
and background fields, and the choices of infrared cut-
offs. Our approach of a gauge invariant flow equations,
combined with requirements of locality for the choice of
cutoff functions, eliminates many earlier ambiguities in
the computation of cM .
We find that matter fluctuations alone induce a fixed
point for the flowing dimensionless Planck mass, provided
5that the number of gauge bosons NV exceeds the value
(NS + NF )/4. This can serve as a demonstration for
the solidity of the concept of a non-perturbative fixed
point for quantum gravity. Particle physics models with
4NV − NS − NF > 0 and NV → ∞ are easily con-
structed. In this limit the strength of gravity at the fixed
point w−1 tends to zero ∼ N−1V . Thus metric fluctu-
ations play a subdominant role and may be neglected,
eliminating thereby many associated conceptional issues.
The case of matter domination for NV → ∞ realizes in
a certain sense old ideas of “induced gravity” [65]. In
contrast to the divergent expressions in a simple loop
expansion, which involve often a problem of interpreta-
tion and preservation of symmetries, our flow equation is
UV-finite and gauge invariant.
A. Flow contribution from scalar field
Basic properties can be understood from the contribu-
tion of a scalar field with effective action
Γ
(S)
k =
∫
x
√
g
{
1
2
∂µϕ∂µϕ+ U(ϕ)− 1
2
F (ϕ)R
}
. (16)
The second functional derivative with respect to ϕ reads
Γ
(S,2)
k =
√
g
(
−D2 +m2(ϕ)− 1
2
ξ˜(ϕ)R
)
, (17)
where D2 = DµDµ, Dµ is a covariant derivative, and
m2(ϕ) =
∂2U
∂ϕ2
, ξ˜2(ϕ) =
∂2F
∂ϕ2
. (18)
Adding an appropriate IR-cutoff term
√
gRk
(−D2)
modifies
√
g(−D2)→ √gPk
(−D2) = √g (−D2 +Rk(−D2)) .
(19)
The scalar contribution to the flow equation reads
∂tΓk
=
1
2
tr(0)
∂tRk(−D2)
(
Pk
(−D2)+m2 − ξ˜R
2
)−1 .
(20)
We note that the factor
√
g drops out, multiplying both
−D2 and Rk
(−D2). We can write
∂tΓk =
1
2
tr(0) ∂˜t ln
(
Pk
(−D2)+m2 − ξ˜R
2
)
, (21)
where ∂˜t acts only on the k-dependence of the IR-cutoff
Rk = Pk + D
2, e.g. not on m2, ξ˜, or on parameters
or fields appearing in D2. The derivative ∂˜t makes the
trace finite. This is a central difference as compared to
one loop perturbation theory.
We can write
∂tΓk =
1
2
trW (∆S) , ∆S = −D2, (22)
with
W (z) = ∂tRk(z)
(
z +Rk(z) +m
2 − ξ˜R
2
)−1
. (23)
The trace can be evaluated by the heat kernel expansion,
see Appendix B,
trW (∆S) =
1
16pi2
∞∑
n=0
Q2−n(w˜)
∫
x
√
g cS2n(∆S) . (24)
The heat kernel coefficients for the operator ∆S = −D2
are well known,
cS0 = b
S
0 = 1 , c
S
2 = b
S
2R =
R
6
. (25)
The functions Qn depend on the field ϕ via
w˜ =
m2(ϕ)
k2
− ξ˜R
2k2
, (26)
with
Q2 =
∫ ∞
0
dz zW (z) , Q1 =
∫ ∞
0
dzW (z) ,
Q0 = W (z = 0) , W (z) =
∂tRk(z)
Pk(z) + w˜k2
. (27)
The first two terms in the expansion yield
∂tΓk =
1
32pi2
∫
x
√
g
∫ ∞
0
dz
∂tRk(z)
Pk(z) + w˜k2
(
z +
R
6
)
.
(28)
The functions Qn are directly related to the thresh-
old functions `d0 that have been investigated in functional
renormalization for many different cutoffs [66–70],
Q2(w˜) = 2`
4
0(w˜) k
4 =
k4
1 + w˜
,
Q1(w˜) = 2`
2
0(w˜) k
2 =
2k2
1 + w˜
, (29)
where the second identity uses the specific Litim cutoff
[63]. One infers
∂t
∫
x
√
g
(
U − F
2
R
)
= pi
(S)
k
=
1
16pi2
∫
x
√
g
(
k4`40(w˜) +
1
6
k2`20(w˜)R
)
, (30)
6For R = 0 this yields the flow equation for the effective
potential
∂tU =
k4
16pi2
`40
(
m˜2
)
=
k4
32pi2(1 + m˜2)
, (31)
with
m˜2 =
m2
k2
. (32)
One recovers the standard flow for a scalar model [13, 66,
69].
For the flow of the coefficient of the curvature scalar
F we expand in linear order in R
`40(w˜) = `
4
0
(
m˜2
)
+
1
2
ξ˜`41
(
m˜2
) R
k2
, (33)
with
`d1(w˜) = −
∂`d0(w˜)
∂w˜
, `41
(
m˜2
)
=
1
2(1 + m˜2)2
, (34)
where the last identity applies for the Litim cutoff. The
flow equation for F therefore receives an additional con-
tribution ∼ ξ˜,
∂tF = − k
2
48pi2
`20
(
m˜2
)− k2ξ˜
16pi2
`41
(
m˜2
)
= − k
2
48pi2(1 + m˜2)
− k
2ξ˜
32pi2(1 + m˜2)2
. (35)
These results agree with a computation for a fixed back-
ground geometry [71]. For ξ˜ = 0 the result agrees with
refs. [7, 15, 21, 30, 35, 36].
For the dimensionless functions and field variables
u =
U
k4
, w =
F
2k2
, ρ˜ =
ρ
k2
=
ϕ2
2k2
, (36)
we obtain
∂tu(ρ˜) = −4u+ 2ρ˜ ∂ρ˜u+ 4cV ,
∂tw(ρ˜) = −2w + 2ρ˜ ∂ρ˜w + 2cM , (37)
with scalar contributions to cV and cM
c
(S)
V =
1
128pi2(1 + m˜2)
,
c
(S)
M = −
1
192pi2(1 + m˜2)
− ξ˜
128pi2(1 + m˜2)2
. (38)
Here we have switched from fixed ρ for eqs. (31), (35) to
fixed ρ˜, and we assume a discrete symmetry ϕ → −ϕ
such that U and F only depend on ρ, with
m˜2 = ∂ρ˜u+ 2ρ˜ ∂
2
ρ˜u = u
′ + 2ρ˜u′′ . (39)
The flow equations (37) have a fixed point or scaling
solution with ρ˜-independent u(ρ˜) = u∗ and w(ρ˜) = w∗,
u∗ = cV (0) , w∗ = cM (0) , (40)
where cV and cM are evaluated for m˜
2 = 0, ξ˜ = 0. In-
deed, for constant u and w one has w˜ = 0. This fixed
point occurs for negative w∗ or a negative squared run-
ning Planck mass M2p(k) = 2w∗k
2. It does not corre-
spond to stable gravity and is therefore not acceptable
for the definition of quantum gravity.
One may alternatively extract the flow of the Planck
mass and other aspects of the gravitational effective ac-
tion from the flow of the graviton propagator. This is
discussed in Appendix C. For the gauge invariant flow
equation one finds the same results as for the heat ker-
nel expansion. This differs from computations for which
the IR-cutoff Rk does not involve the macroscopic metric
through covariant derivatives, but rather only involves
momenta in flat space, or covariant derivatives with a
fixed background metric. A comparison of our gauge in-
variant approach with the background formalism can be
found in Appendix C.
B. Gauge bosons
We next consider the flow of F and U induced by the
fluctuations of gauge bosons. We employ the gauge in-
variant flow equation [62, 64]. The connection to a gauge
fixed version in the background field formulation for Lan-
dau gauge is similar to the case of gravity discussed in
sect. II. The contribution of the gauge boson fluctuations
to the flow of U and F involves again a physical part
pi
(V )
k and a universal measure part −δ(V )k , which is a fixed
functional of the metric and gauge fields,
∂tΓk = ζ
(V )
k = pi
(V )
k − δ(V )k . (41)
The measure factor arrises form the non-linearity of the
constraint for the physical gauge boson fluctuations. The
physical part pi
(V )
k depends on the gauge invariant effec-
tive action Γ¯
(V )
k for the gauge bosons.
We concentrate on a single gauge boson of an abelian
U(1)-gauge theory —a photon coupled to gravity. This
is sufficient for the flow of U and F . Both are evalu-
ated for zero macroscopic gauge fields. We first assume a
fixed point with vanishing gauge coupling. Non-vanishing
gauge couplings are discussed below in sect. III C. For
vanishing gauge coupling any abelian or non-abelian
gauge theory with a total of NV gauge bosons gives the
same contribution as NV photons. The measure term
−δ(V )k only appears due to the metric-dependence of the
covariant derivatives in the projection on physical gauge
boson fluctuations.
For the truncation of the gauge invariant effective ac-
tion Γ¯
(V )
k we consider here the minimal kinetic term
Γ¯
(V )
k =
1
4e2
∫
x
√
g FµνF
µν , (42)
with field strength
Fµν = DµAν −DνAµ = ∂µAν − ∂νAµ , (43)
7and gauge coupling e. Covariant derivatives involve the
macroscopic metric, while they are independent of gauge
fields in case of an abelian gauge symmetry.
For the photon field the physical degrees of freedom
are the transverse field, where the longitudinal field is a
gauge mode. We introduce projection operators
(PL)
ν
µ = DµD
−2Dν , (PT)
ν
µ = δ
ν
µ − (PL) νµ , (44)
which obey (
(
P 2L
) ν
µ
= (PL)
ρ
µ (PL)
ν
ρ etc.)
P 2L = PL, P
2
T = PT, PLPT = PTPL = 0. (45)
The corresponding transversal and longitudinal gauge
fluctuations are
ATµ = (PT)
ν
µ Aν , A
L
µ = (PL)
ν
µ Aν , Aµ = A
T
µ +A
L
µ.
(46)
Since we evaluate the flow of the effective action for van-
ishing macroscopic gauge fields, we make here no dif-
ference between the gauge fields and the fluctuations
of gauge fields around a macroscopic field. For Yang–
Mills theories the projection of infinitesimal physical fluc-
tuations remains well defined for arbitrary macroscopic
gauge fields, while no global definition of a physical field
exists [62, 64].
The longitudinal gauge field can be written as the
derivative of a scalar
ALµ = ∂µa = Dµa, (PT)
ν
µ Dνa = 0. (47)
Under an infinitesimal gauge transformation Aµ → Aµ+
δAµ, δAµ = ∂µb the transversal gauge field is invariant,
while the longitudinal gauge field transforms as
δALµ = ∂µb, δa = b, δA
T
µ = 0. (48)
We can therefore consider ALµ as a gauge degree of free-
dom, while ATµ is a gauge invariant “physical degree of
freedom”.
By partial integration we can write
Γ¯
(V )
k =
1
2e2
∫
x
√
g Aµ(Dµν +DµDν)Aν (49)
with
Dµν = −D2gµν +Rµν . (50)
The part involving the transversal gauge fields therefore
reads
Γ¯
(V )
k =
1
2e2
∫
x
√
g ATµDµνT ATν , (51)
Indeed, we can project D νµ = D on the subspace of
transversal and longitudinal fluctuations,
(DT) νµ = (PTDPT) νµ = −D2δνµ +R νµ +DµDν ,
(DL) νµ = (PLDPL) νµ = −DµDν . (52)
Even though the projectors PT and PL are non-local, the
projected operators DT and DL involve only two deriva-
tives. One has
D = DT +DL , PTDPL = PLDPT = 0 , (53)
DLDT = DTDL = 0 .
The computation of pi
(V )
k from a gauge invariant flow
equation involves the projector PT similar to eq. (9). We
employ again the trick of first computing pi
(V )
k + δ
(V )
k by
adding to the action a formal gauge fixing term
Γ
(V )
gf =
1
2α
∫
x
√
g (DµA
µ)2 . (54)
We need to take the limit α→ 0, such that eq. (54) cor-
responds to Landau gauge fixing. By partial integration
the gauge fixing part reads
Γ
(V )
gf = −
1
2α
∫
x
√
g AµD
µDνAν , (55)
or
Γ
(V )
gf =
1
2α
∫
x
√
g ALµDµνL ALν . (56)
As it should be for a physical gauge fixing, Γgf involves
only the gauge degree of freedom ALµ. In contrast, for our
ansatz (42) Γ¯ depends only on the gauge invariant field
ATµ .
If we define Γ
(V )
k = Γ¯
(V )
k + Γ
(V )
gf the second functional
derivative is block diagonal in the transverse and longi-
tudinal fields,
Γ
(V,2)
k =
√
g
e2
PTDPT +
√
g
α
PLDPL
=
√
g
(
1
e2
DT + 1
α
DL
)
. (57)
In consequence, also its inverse or the propagator is block
diagonal for α → 0, with a block for the gauge modes
∼ α. For the particular case of a maximally symmetric
space,
Rµν =
1
4
Rgµν , (58)
one has
Dµν =
(
−D2 + R
4
)
gµν . (59)
We introduce the infrared cutoff function Rk such that
Γ
(V,2)
k +Rk =
√
g
(
1
e2
Pk(DT) + 1
α
Pk(DL)
)
, (60)
with
Pk(z) = z +Rk(z) . (61)
8One infers for the sum
pi
(V )
k + δ
(V )
k =
1
2
tr
{(
Γ
(V,2)
k +Rk
)−1
∂tRk
}
. (62)
The part δ
(V )
k is connected to the gauge fluctuations, and
the separate contributions are given by
pi
(V )
k =
1
2
trW (DT) , δ(V )k =
1
2
trW (DL) ,
with
W (z) = ∂tRk(z) (z +Rk(z))
−1
. (63)
The quantity δk also determines the measure contribu-
tion in eq. (41).
Let us first evaluate the measure contribution δ
(V )
k .
Writing the longitudinal gauge field as the derivative of
a scalar (47), one has
(DL) νµ ALν = (DL) νµ Dνa = Dµ(−D2)a . (64)
The eigenvalues of the (negative) scalar Laplacian ∆S =
−D2 acting on a are the eigenvalues of DL acing on ALµ,
implying
δ
(V )
k =
1
2
tr(0)W (∆S) , (65)
with tr(0) the trace over scalar fields. Therefore the flow
contribution δ
(V )
k is the same as the one for a massless
scalar
δ
(V )
k =
1
16pi2
∫
x
√
g
(
`40k
4 +
1
6
`20k
2R
)
. (66)
We next turn to the contribution pi
(V )
k from the phys-
ical gauge boson fluctuations,
pi
(V )
k =
1
2
tr(1)W (D) , (D) νµ = ∆V δνµ +Rνµ . (67)
Here tr(1) is the trace over transverse vector fields (spin
one) and ∆V = −D2 the (negative) Laplacian acting on
vector fields. We will evaluate the trace (65) again by
the heat kernel method, see Appendix B.
For the evaluation of tr exp(−sD1) we employ the fact
that the result is a series of integrals over local terms that
are invariant under diffeomorphism transformations. Di-
mensional analysis implies c2 = b2R. For the computa-
tion of b2 we can choose the geometry of a maximally
symmetric space with constant R, for which eq. (59) im-
plies
tr(1) e
−sD = tr(1) e−s(∆V +R/4) =
(
tr(1) e
−s∆V ) (e−sR/4)
=
(
tr(1) e
−s∆V )(1− sR
4
+ · · ·
)
. (68)
From
tr(1) e
−s∆V =
1
16pi2
∫
x
√
g
(
bV0 s
−2 + bV2 Rs
−1 + · · · ) ,
(69)
one infers
tr(1) e
−sD1
=
1
16pi2
∫
x
√
g
[
bV0 s
−2 +
(
bV2 −
bV0
4
)
Rs−1 + · · ·
]
.
(70)
With
bV0 = 3 , b
V
2 =
1
4
, bV2 −
bV0
4
= −1
2
, (71)
one obtains a negative contribution of the term ∼ R.
Employing again the relation between the function Qn
and the threshold functions the flow contribution from
the transverse vector fields is
pi
(V )
k =
1
16pi2
∫
x
√
g
(
3`40k
4 − 1
2
`20k
2R
)
, (72)
with threshold functions evaluated for w˜ = 0. We will
see in sect. III C that in case of a non-vanishing gauge
coupling w˜ will depend on ρ˜, i.e. w˜ = e2ρ˜. Then also pi
(V )
k
will depend on ρ˜, while for δ
(V )
k the threshold functions
remain evaluated at w˜ = 0.
Taking terms together the flow contribution of a mass-
less gauge field is
∂t
∫
x
√
g
(
U − F
2
R
)
= ζ
(V )
k
=
1
16pi2
∫ √
g
(
2k4`40 −
2k2
3
`20R
)
, (73)
or
∂tU =
k4`40
8pi2
, ∂tF =
k2`20
12pi2
. (74)
For NV gauge fields one has in eq. (37), using the Litim
cutoff (29),
c
(V )
V =
NV `
4
0
32pi2
=
NV
64pi2
, c
(V )
M =
NV `
2
0
48pi2
=
NV
48pi2
. (75)
Our final result is very simple. It agrees with refs. [7, 15,
30].
The flow equations (74), translated to the dimension-
less quantities u and w in eq. (36), admit a simple fixed
point with ρ˜-independent u and w
u∗ = cV , w∗ = cM . (76)
This fixed point occurs now for a positive running Planck
mass M2p(k) = 2cMk
2. In contrast to scalar fluctuations,
9a fixed point induced by NV massless vector boson fluc-
tuations leads to stable gravity. A UV-fixed point of
this type can be used to define quantum gravity as an
asymptotically safe quantum field theory. A measure for
the strength of gravity is w−1. In the limit NV →∞ one
finds that w−1 tends to zero such that gravity is weak.
This may allow for a valid perturbative expansion in w−1.
The positive sign of cM is a crucial ingredient. This
property should not depend on the precise implementa-
tion of the IR-cutoff. The threshold function `20 is positive
for every cutoff function with positive ∂tRk. We may also
consider a different implementation withRk only depend-
ing on −D2 instead of DT and DL. This is investigated
in Appendix E. It leads to a similar result, with threshold
function `20 replaced by a different threshold function `
4
1.
C. Gauge bosons coupled to scalars
We next investigate the role of a possible non-zero
gauge coupling for the properties of the fixed point. For
this purpose we consider scalar quantum electrodynamics
with a complex scalar coupled to a gauge boson. Due to
the U(1)-gauge symmetry U and F can only depend on
ρ = ϕ∗ϕ. We normalize the gauge coupling e such that
the gauge boson mass is given by m2g = e
2ρ. The con-
tribution (38) to the flow from the two real scalar fields
is
c
(S)
V =
1
128pi2
(
1
1 + u′ + 2ρ˜u′′
+
1
1 + u′
)
,
c
(S)
M = −
1
192pi2
(
1
1 + u′ + 2ρ˜u′′
+
1
1 + u′
)
, (77)
The first term in these equations arrises from the “radial
mode” with m˜2 = u′+2ρ˜u′′, while the second corresponds
to the “Goldstone mode” with m˜2 = u′. In eq. (77) we
have omitted a non-minimal coupling ξ˜ to gravity, which
would give an additional contribution to c
(S)
M . The con-
tributions from scalar fluctuations are not modified in
the presence of a non-zero gauge coupling e.
The contribution from the physical gauge boson fluc-
tuations pi
(V )
k is sensitive to e
2 6= 0 through a different
argument w˜ of the threshold functions. Indeed, a non-
zero ρ induces a mass term for the transverse gauge boson
fluctuations, resulting in w˜ = e2ρ˜. As a consequence, the
threshold functions `40 and `
2
0 in eq. (74) are now functions
of w˜ = e2ρ˜, instead of being evaluated at w˜ = 0.
For the gauge invariant flow equation this is the only
change. Due to the projection on the physical fluctua-
tions there are no mixing effects. The transverse gauge
bosons are vectors which cannot mix with scalars for any
rotation invariant geometry.
A similar behavior is found for a gauge fixed back-
ground field approach. In this case the physical gauge
fixing (Landau gauge) is crucial for the absence of mixed
terms. The gauge invariant scalar kinetic term can be
written in terms of a scalar fluctuation χ around the
macroscopic field ϕ,
Γkin =
∫
x
√
g [(Dµ − iAµ) (ϕ+ χ)]∗ [(Dµ − iAµ) (ϕ+ χ)] .
(78)
For Γ(2) we need the terms quadratic in Aµ and χ
Γkin,2 =
∫
x
√
g [(Dµχ)∗(Dµχ) + χ∗χAµAµ] + Γmix ,
Γmix = −i
∫
x
√
g Aµ [(Dµχ)
∗ϕ− ϕ∗Dµχ] . (79)
The mixed term involves only the longitudinal gauge
fixed ALµ. We can take ϕ real, and χ = (χR + iχI), such
that
Γmix = −2ϕ
∫
x
√
g AµDµχI = 2ϕ
∫
x
√
g χIDµA
µ . (80)
Due to the divergence of Γ
(2)
k + Rk in the longitudinal
sector ∼ α−1, the effect of the mixed term vanishes in
the propagator
(
Γ
(2)
k +Rk
)−1
proportional to α. It does
not contribute to the flow equation.
In consequence of the absence of mixing and the simple
change of argument in the photon threshold function, one
obtains rather simple flow equations. They read for a
Litim cutoff
∂tu = −4u+ 2ρ˜ ∂ρ˜u+ 4cV ,
∂tw = −2w + 2ρ˜ ∂ρ˜w + 2cM , (81)
with
cV =
1
128pi2
(
3
1 + e2ρ˜
− 1 + 1
1 + u′
+
1
1 + u′ + 2ρ˜u′′
)
,
cM =
1
192pi2
(
3
1 + e2ρ˜
+ 1− 1
1 + u′
− 1
1 + u′ + 2ρ˜u′′
)
.
(82)
This generalizes to the case of several vector bosons and
more complicated scalar sectors. The dependence on the
gauge coupling arises only from the physical gauge boson
fluctuations. For each gauge boson one needs the field-
dependent squared mass, or the corresponding eigenvalue
of the mass matrix.
The qualitative effects of non-zero e2 can already be
seen for the abelian case of a single photon with w˜ = e2ρ˜.
We concentrate on the effects for the properties of the
scaling solution. For the scaling solution ∂tu and ∂tw
vanish. The scaling solution therefore obeys the differen-
tial equations
ρ˜ ∂ρ˜u = 2(u− cV ), ρ˜ ∂ρ˜w = w − cM , (83)
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For e2 6= 0 both cV and cM depend explicitly on ρ˜.
This has an immediate important consequence: a ρ˜-
independent u and w no longer solves eq. (83).
For e2 6= 0 a possible UV-fixed point is characterized
by ρ˜-dependent scaling solutions of eq. (83). We briefly
discuss here the limits ρ˜→ 0 and ρ˜→∞. For ρ˜ = 0 the
solutions of the flow equation have to obey
u∗(0) = cV (0) =
1
64pi2
(
1 +
1
1 + m˜20
)
,
w∗(0) = cM (0) =
1
96pi2
(
2− 1
1 + m˜20
)
, (84)
with
m˜20 = u
′
∗(0) . (85)
One observes positive w∗(0) and u∗(0). These values do
not depend on e2.
On the other hand, for ρ˜ → ∞ the gauge boson con-
tribution vanishes if e2 6= 0. In this limit cM becomes
negative. A possible asymptotic solution for ρ˜→∞ is
w → ξ∞ρ˜ , u→ 1
2
λ∞ρ˜2 . (86)
With u′(ρ˜→∞) = λ∞ρ˜ both cV and cM vanish in this
limit if λ∞ > 0.
We may investigate directly the flow of the ρ˜-
dependence of the functions u(ρ˜) and w(ρ˜). For this
purpose we define
m˜2(ρ˜) = u′(ρ˜) , ξ(ρ˜) =
1
2
w′(ρ˜) , λ(ρ˜) = u′′(ρ˜) .
(87)
(The factor 1/2 in the definition of ξ is chosen such that
for constant ξ one has F = 2w0k
2 + ξρ.) The flow equa-
tion for the dimensionless scalar mass term m˜2(ρ˜) reads
∂tm˜
2 = −2m˜2 + 2ρ˜ ∂ρ˜m˜2 + 4∂ρ˜cV , (88)
where
∂ρ˜cV = − 1
128pi2
(
3e2
(1 + e2ρ˜)2
+
λ
(1 + m˜2)2
+
3λ+ 2ρ˜u′′′
(1 + m˜2 + 2λρ˜)2
)
. (89)
The fixed point value for m˜20 = m˜
2(ρ˜ = 0) is negative
m˜20 = −
1
64pi2
(
3e2 +
4λ0
(1 + m˜20)
2
)
. (90)
If u(ρ˜) increases for ρ˜ → ∞ or goes to a constant, one
expects a minimum of u at some ρ˜0 > 0, indicating spon-
taneous symmetry breaking for the scaling solution.
For the flow equation for ξ one obtains
∂tξ = 2ρ˜ ∂ρ˜ξ + 2∂ρ˜cM , (91)
with
∂ρ˜cM = − 1
192pi2
(
3e2
(1 + e2ρ˜)2
− λ
(1 + m˜2)2
− 3λ+ 2ρ˜u
′′′
(1 + m˜2 + 2λρ˜)2
)
. (92)
For the scaling solution ξ(ρ˜→ 0) diverges logarithmically
ξ(ρ˜) = c1 + c2 ln ρ˜ , c2 = −∂ρ˜cM (ρ˜ = 0) . (93)
The effective Planck mass remains finite for ρ˜→ 0
w = w0 + 2(c1 − c2)ρ˜+ 2c2ρ˜ ln ρ˜ . (94)
We conclude that a non-vanishing gauge coupling at the
fixed point has important consequences for the behavior
of the scaling solution.
If the present paper we will concentrate on a UV-fixed
point with e2∗ = 0. The constant scaling solutions for
the fixed point exist in this case. We note, however,
that e2 has to be a relevant parameter in this case since
the extrapolation of the observed gauge couplings to the
transition scale kt where the metric fluctuations decouple
indicate non-zero e2(kt). With e
2 increasing slowly in
the vicinity of the fixed point our discussion of constant
e2 > 0 may still be relevant for the flow away from the
fixed point. Instead of a fixed point one has in this case
an approximate partial fixed point.
D. Fermions
The gravitational interactions of fermions cannot be
described by a direct coupling to the metric. In the pres-
ence of fermions the basic gravitational degree of freedom
is the vierbein e mµ . The metric is subsequently associ-
ated with a bilinear of the vierbein,
gµν = e
m
µ e
n
ν ηmn , (95)
with ηmn = diag(−1, 1, 1, 1) for Minkowski signature and
ηmn = δmn for Euclidean signature. As an alternative,
one may always use ηmn = δmn and admit complex val-
ues for the vierbein. Minkowski signature for flat space
is then realized for e mµ = diag(i, 1, 1, 1). Analytic con-
tinuation is achieved [72] by varying e mµ = (e
iφ, 1, 1, 1)
with φ = 0 for Euclidean signature and φ = pi/2 for
Minkowski signature. With eq. (95) one has
√
g = e =
det(e mµ ), which yields the factor i multiplying the ac-
tion for Minkowski space. Our Euclidean notation [72]
is adapted to the complex vierbein for which analytic
continuation is straightforward even for curved space.
The second central object is the spin connection ωµmn,
which can be expressed in the simplest version of gravity
by the vierbein and its first derivative
ωµmn(e) =
1
2
{
e ρme
τ
n e
p
µ ∂τeρp − e ρm∂ρeµn + e ρm∂µeρn
− (m↔ n)
}
. (96)
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Here e µm is the inverse vierbein
e µm e
n
µ = δ
n
m , (97)
where we suppose that e mµ are elements of a regular ma-
trix. One can construct a curvature tensor in terms of
the vierbein and the spin connection
Rµνmn(e, ω) = ∂µωνmn + ωµmpω
p
ν n − (µ↔ ν). (98)
For ω = ω(e) according to eq. (96) this is a function of
the vierbein involving two derivatives. Contraction with
the vierbein,
Rµνρτ = e
m
ρ e
n
τ Rµνmn , (99)
yields with eqs. (95), (96) the curvature tensor of Rie-
mannian geometry formed from gµν . For a computation
of the fermionic contribution to the flow of U and F it
is sufficient to investigate the fermion fluctuations in a
geometric background. We first perform this in a back-
ground given by the vierbein, and subsequently translate
to the metric.
For the effective action for fermions we choose the trun-
cation
Γ
(F )
k =
∫
x
e
{
iψ¯γme µmDµψ + yψ¯γ
5ψϕ
}
(100)
with y a Yukawa coupling to a complex scalar field ϕ.
In our conventions for fermions, ϕ is a scalar (not a
pseudo-scalar), and a fermion mass term involves γ5,
Lm ∼ emψ¯γ5ψ. We consider here a Dirac fermion for
which ψ¯ and ψ are independent Grassmann variables.
The covariant derivative involves the spin connection
Dµψ = ∂µψ +
1
8
ωµmn[γ
m, γn]ψ , (101)
with Dirac matrices obeying
{γm, γn} = 2ηmn, {γ5, γm} = 0. (102)
For real values of ϕ the second functional derivative reads
in the ψ¯-ψ block
Γ
(F,2)
k = e
(
i/D + yϕγ5) . (103)
It involves the covariant Dirac operator
/D = γme µmDµ . (104)
The fermion contribution to the flow equation reads
∂tΓk = −tr
{
∂tRk
(
i/D +R(F )k + yϕγ5
)−1}
, (105)
where the minus sign reflects that ψ and ψ¯ are Grass-
mann variables. For a Majorana fermion ψ¯ is related to
ψ by charge conjugation. For Majorana spinors the r.h.s
of eq. (105) is multiplied by 1/2. (If convenient, one may
choose a normalization which multiplies Γ
(F )
k by a fac-
tor 1/2.) We will perform the computation for a Dirac
spinor. For NF Majorana or Weyl spinors the result will
be multiplied by NF /2.
We can decompose ψ and ψ¯ into Weyl spinors which
are eigenstates of γ5
ψ± =
1± γ5
2
ψ, ψ¯± = ψ¯
1∓ γ5
2
. (106)
(One often uses left- and right-handed, ψ+ ≡ ψL, ψ− ≡
ψR.) The kinetic term does not mix different Weyl
spinors
Lkin = ieψ¯ /Dψ = −ie
(
ψ¯+ /Dψ+ + ψ¯− /Dψ−
)
, (107)
while the Yukawa coupling does
LY = eyϕψ¯γ5ψ = eyϕ
(
ψ¯−ψ+ − ψ¯+ψ−
)
. (108)
Chiral symmetries transform ψ+ and ψ− indepen-
dently. They are violated for y 6= 0. We want a cutoff
function that is compatible with the chiral symmetry [73].
Since /D maps ψ+ to ψ− and vice versa, the cutoff should
be chosen in the form
R
(F )
k = iesk(−/D2) /D , (109)
such that it has the same chiral properties as ie/D. In
consequence,
P
(F )
k = ie/D +R(F )k = ie
(
1 + sk(−/D2)
)
/D (110)
maps again ψ+ to ψ−. We emphasize that sk should be a
function of the operator /D since we want to cut off small
eigenvalues of the Dirac operator. This function should
be even for compatibility with chiral symmetry.
Employing the properties of Dirac matrices one has
−/D2 = −D2 + R
4
, (111)
with
D2 = e µm e
mνDµDν . (112)
The covariant Laplacian for spinors depends on the vier-
bein and spin connection and involves Dirac matrices.
(No Laplacian involving the metric is defined for spinors.)
With
pi
(F )
k = −tr ∂˜t ln
(
P
(F )
k + eyϕγ
5
)
= −1
2
tr ∂˜t ln
(
P
(F )
k + eyϕγ
5
)2
= −1
2
tr ∂˜t ln
((
P
(F )
k
)2
+ e2y2ϕ2
)
, (113)
and defining
Pk =
1
e2
(
P
(F )
k
)2
= −/D2
(
1 + sk(−/D2)
)2
= −/D2
(
1 + rk(−/D2)
)
, (114)
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one has
rk = 2sk + s
2
k . (115)
Using ρ = ϕ2 the fermion contribution is given by the
familiar form
pi
(F )
k = −
1
2
tr ∂˜t ln
(
Pk + y
2ρ
)
, (116)
where
Pk =
(
−D2 + R
4
)(
1 + rk
(
−D2 + R
4
))
. (117)
For complex ϕ this generalizes to ρ = ϕ†ϕ, and similarly
for multicomponent scalar fields. For Pk we will choose
a function similar to the one for scalars or gauge bosons.
This determines the infrared cutoff function (109) via the
identity (115).
In consequence, one obtains from the heat kernel ex-
pansion for a Dirac fermion
pi
(F )
k = −
1
16pi2
∫
x
e
{
bD0 `
4
0(w˜) k
4 +
(
bD2 −
1
4
bD0
)
`20(w˜)R
}
(118)
with bD0 = 4, b
D
2 = 2/3 and
w˜ =
y2ρ
k2
. (119)
For Majorana or Weyl spinors piF is divided by two.
With eqs. (95), (96), we translate e =
√
g and R be-
comes the curvature scalar for the metric gµν . For y = 0
eq. (118) agrees with ref. [74] and with the result of a
“type-II cutoff” [7, 75, 76]. The same result is obtained
by a spectral sum on a sphere [76]. The sign differs, how-
ever, from a “type-I cutoff” [15]. We emphasize that the
formulation of the cutoff in terms of the Dirac operator
involving the vierbein, together with the preservation of
chiral symmetry, imposes important constraints on the
properties of the infrared cutoff. They lead naturally to
a type-II cutoff.
With NF Weyl spinors one finds, with ρ˜ = ρ/k
2,
c
(F )
V = −
NF
32pi2
`40
(
y2ρ˜
)
= − NF
64pi2(1 + y2ρ˜)
,
c
(F )
M = −
NF
192pi2
`20
(
y2ρ˜
)
= − NF
192pi2(1 + y2ρ˜)
. (120)
The second identity specifies to the Litim cutoff. For
the flow of U fermions contribute with the opposite sign
as compared to scalars and gauge bosons. For the flow
of F their contribution has the same sign as the scalar
contribution, opposite to the sign of vector contributions.
For the gauge invariant flow equation one obtains the
fermion contribution to the flow of the graviton propa-
gator by taking two derivatives of pi
(F )
k in eq. (113) with
respect to the vierbein (or similarly to the metric). The
flow of the graviton propagator can be evaluated in flat
space. The result is expected to agree with eq. (120).
The different matter contributions can be summarized
by
cV =
NU
128pi2
, cM =
NM
192pi2
. (121)
For massless fields one has
NU = NS + 2NV − 2NF ,
NM = −NS + 4NV −NF − 3ξ˜
2
Nξ . (122)
Here Nξ is the number of scalars that have the non-
minimal coupling ξ˜ to gravity. This number may be
smaller than NS since not all scalars may participate in
this coupling. For massive fields the numbers NS , NV
and NF become effective particle numbers, multiplied by
corresponding threshold functions with m˜2 6= 0. In this
case, NU and NM depend on ρ˜.
Matter fluctuations alone can induce an UV-fixed point
for quantum gravity, u∗ = cV , w∗ = cM . This does
not need any metric fluctuations. We observe, however,
that without metric fluctuations an UV-fixed point with
positive effective Planck mass (F > 0, attractive gravity)
is possible only for a sufficiently large number of vector
bosons, NM > 0. For NV > (NF + NS)/4 asymptotic
safety can be realized even if fluctuations of the metric
are neglected. We will see below that metric fluctuations
induce an acceptable UV-fixed point with F > 0 even for
NV < (NF +NS)/4.
IV. METRIC FLUCTUATIONS
This section addresses the contribution of the metric
fluctuations to the flow equations for U and F . The
dominant contribution pi2 arises from the graviton fluc-
tuations, e.g. the traceless transverse tensor modes. For
spaces with rotation symmetry the graviton fluctuations
do not mix with the other metric fluctuations or matter
fluctuations. Furthermore, the graviton fluctuations are
physical fluctuations, being invariant under gauge trans-
formations. Once the graviton propagator is known or
assumed in a given truncation, the graviton contribution
to the flow equations is rather unambiguous. The other
physical metric fluctuation is a scalar. It can mix with
other scalar fields in the matter sector. Still, its contribu-
tion pi0 to the flow equation remains somewhat involved.
The gauge invariant flow equation has the important ad-
vantage that physical scalar fluctuations are not affected
by gauge modes. The universal measure contribution
−δ(g) reflecting the non-linearity of the projection on the
space of physical fluctuations involves both a vector and
a scalar part. It only depends on the macroscopic metric.
The total contribution to the flow from the metric sector
is given by
ζ
(g)
k = pi2 + pi0 − δ(g)k . (123)
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A. Physical metric fluctuations and gauge modes
In order to compute the contribution of metric fluctua-
tions to the flow equation for U and F we need the second
functional derivative of the gauge invariant effective aver-
age action Γ¯
(2)
k for a general macroscopic metric gµν . For
this purpose we consider Γ¯k[gµν + hµν ] and compute the
term Γ¯2 quadratic in the metric fluctuations hµν . We
split the metric fluctuation hµν into “physical fluctua-
tions” fµν and “gauge fluctuations” aµν . In linear order
the physical fluctuations are transverse,
hµν = fµν + aµν ,
Dµfµν = 0, aµν = Dµaν +Dνaµ. (124)
Infinitesimal diffeomorphism transformations act as a
shift of aµ and leave fµν invariant. We will need Γ¯k
in second order in fµν .
Inserting the linear decomposition (124) into a gauge
invariant effective action Γ¯k one finds in linear order in
hµν that Γ¯1 only depends on fµν , reflecting the gauge
invariance of Γ¯. A gauge invariant effective action can
only depend on physical fluctuations. The association of
the physical fluctuations with fµν as defined by eq. (124)
holds only in linear order, however. (An exception are
abelian gauge theories.) Physical fluctuations vanish for
fµν = 0, but can contain higher order terms ∼ f ρµ aνρ.
As a consequence, Γ¯2 contains terms quadratic in fµν and
may also contain mixed terms linear in fµν and linear in
aµν . (For an explicit discussion for the analogous case
of non-abelian gauge theories, see ref. [64].) For maxi-
mally symmetric spaces the mixed terms vanish due to
the identity
∫
x
√
g fµνaµν = 0. (125)
For the purpose of the present paper this is sufficient.
For more general macroscopic metrics the mixed terms
are eliminated by the projection on the physical subspace
that is implicit in the flow equation (9).
Similar to the treatment of gauge bosons we perform
the projection by adding formally a term Γ
(2)
gf =
1
α Γ˜
(2)
gf
to the inverse propagator. This allows the computation
of pi2 + pi0 − δ(g) without the explicit use of projectors.
The measure part δ(g) is computed separately. The im-
plementation of this procedure introduces in the effective
action a term
Γk = Γ¯k + Γgf , (126)
which resembles a physical gauge fixing in the back-
ground field formalism. The second variation Γ
(2)
gf should
only act on the gauge fluctuations, and we take
Γgf =
1
2α
∫
x
√
g Dµh
νµDρh
ρ
ν (127)
=
1
2α
∫
x
√
g (Dµa
µν)(Dρa
ρ
ν)
=
1
2α
∫
x
√
g (D2aν +DνDµa
µ +Rνµa
µ)
× (D2aν +DνDρaρ +R ρν aρ),
with α→ 0. This “physical gauge fixing” is the general-
ization of covariant Landau gauge fixing for Yang-Mills
theories to the case of gravity.
The gauge fixing term induces for Γ
(2)
k a term that
diverges for α→ 0(
Γ
(2)
gf
)µνρτ
=
√
g
2α
(Da)µνρτ , (128)
with
(Da) ρτµν =−
1
2
(
δρµDνD
τ + δρνDµD
τ
+ δτµDνD
ρ + δτνDµD
ρ
)
. (129)
One observes
(Da) ρτµν fρτ = 0,
(Da) ρτµν aρτ = DµDˆ ρν aρ +DνDˆ ρµ aρ , (130)
with
Dˆ ρµ = −(D2δρµ +DµDρ +R ρµ ). (131)
We may formally introduce projectors Pf and Pa on
the physical metric fluctuations and gauge modes
(Pf )
ρτ
µν hρτ = fµν , (Pa)
ρτ
µν hρτ = aµν , (132)
obeying
Pf + Pa = 1, P
2
f = Pf , P
2
a = Pa,
PfPa = PaPf = 0. (133)
In terms of these projectors one has
DaPa = Da, DaPf = 0,
PTa
√
gDa = √gDa, PTf
√
gDa = 0. (134)
With
Γ
(2)
k = Γ¯
(2)
k +
1
2α
PTa
√
gDaPa (135)
the inverse of Γ
(2)
k is block diagonal for α→ 0,
G =
(
Γ
(2)
k
)−1
= GP +Ga (136)
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where
GP = PfGP
T
f , Ga = PaGP
T
a , (137)
and
Γ¯
(2)
k GP = P
T
f , Γ
(2)
gf Ga = P
T
a . (138)
Here Ga is proportional to α and Γ
(2)
gf proportional to
α−1, such that the factors of α cancel in the second equa-
tion (138). The part GP is the propagator for the phys-
ical metric fluctuations that appears in eqs. (8), (9).
The block diagonal structure for α → 0 has an im-
portant consequence. For the computation of GP only
the projection PTf Γ¯
(2)
k Pf enters, as appropriate for the
propagator of the physical metric fluctuations. Possible
mixed terms in Γ¯2 that involve powers of aµν play no
role –they are projected out by the physical gauge fixing
for α → 0. It is therefore sufficient to evaluate Γ¯2 for
the physical metric fluctuations fµν , which simplifies the
task since Dνfµν = 0 can be used.
For the truncation
Γ¯k =
∫
x
√
g
{
−1
2
F (ρ)R+ U(ρ)
}
, (139)
one finds [77] for geometries with a vanishing Weyl tensor
Γ¯2 =
1
8
∫
x
√
g
{
−U(2fµνfµν + σ2) + Ffµν(Dˆf ) ρτµν fρτ
}
,
(140)
with
(Dˆf ) ρτµν =
(
−D2 + 2R
3
)
E ρτµν +
R
2
gµνg
ρτ , (141)
and unit matrix
E ρτµν =
1
2
(δρµδ
τ
ν + δ
τ
µδ
ρ
ν). (142)
The physical scalar metric fluctuation corresponds to the
trace of fµν ,
σ = gµνfµν . (143)
Thus the physical metric fluctuations can be decomposed
into a traceless transverse tensor tµν (graviton) and a
scalar σ
fµν = tµν + sµν ,
Dνt
ν
µ = 0, t
µ
µ = 0, sµν = Sˆµνσ, (144)
with Sˆµν = Sˆνµ obeying
Sˆµνg
µν = 1, DµSˆµν = 0. (145)
For a computation of the flow of F and U we can re-
strict the discussion to maximally symmetric geometries
with constant curvature scalar R. In this case one has
[77]
Sˆµν =
(
D2gµν −DµDν +Rµν
)
(3D2 +R)−1. (146)
There is no mixing between tµν and σ in Γ¯2, e.g.
Γ¯2 = Γ
(t)
2 + Γ
(σ)
2 , (147)
where
Γ
(t)
2 =
1
8
∫
x
√
g tµν
{
F
(
−D2 + 2
3
R
)
− 2U
}
tµν (148)
and
Γ
(σ)
2 =
1
4
∫
x
√
g σ
{[
F
(
D2 +
3
8
R
)
D2
+
U
2
(
D2 +
1
2
R
)]
(3D2 +R)−1
}
σ . (149)
The infrared cutoff (Rk)
ρτ
µν should respect the split
into physical fluctuations and gauge fluctuations,
Rk = √g
{
F
8
R
(f)
k (Df ) +
1
2α
R
(a)
k (Da)
}
. (150)
Here the operator Df should obey
DfPf = Df , PTf
√
gDf = √gDf ,
DfPa = 0, PTa
√
gDf = 0, (151)
similarly to eq. (134). We can define it by using Dˆf in
eq. (141)
Df = 1√
g
PTf
√
gDˆfPf , (152)
such that
√
gDf equals √gDˆf on the subspace of di-
vergenceless physical fluctuations fµν . For a cutoff of
the type (150) the flow equation can be separated into
different pieces similar to eq. (62), with pi
(g)
k the contri-
bution from physical metric fluctuations and −δ(g)k the
measure contribution. For maximally symmetric spaces
the physical contribution pi
(g)
k further decays into a gravi-
ton contribution pi2 from the fluctuations of tµν , and a
scalar contribution pi0 from the σ-fluctuations, as given
by eq. (123).
B. Graviton contribution
The graviton contribution pi2 typically dominates. It
is given by
pi2 =
1
2
tr(2)
{
∂tRk
(
F
4
Dˆf +Rk − U
2
)−1}
, (153)
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with tr(2) the trace in the projected space of tµν (spin
two fields). For the physical metric fluctuations the cut-
off Rk(Dˆf ) is chosen as a function of the operator Dˆf .
In the projected space for the graviton fluctuations Dˆf
reduces to −D2 + 2R/3. For the heat kernel expansion,
cf. Appendix B, one needs
tr(2) e
−sDt = tr(2) e−s∆T e−2sR/3
= tr(2) e
−s∆T
(
1− 2R
3
s
)
, (154)
where ∆T = −D2 involves the Laplacian acting on trace-
less transverse tensor fields, and we have taken constant
R. With bT0 = 5 and b
T
2 = −5/6 the heat kernel coeffi-
cients of ∆T for traceless transverse tensors, the graviton
contribution reads
cT0 = b
T
0 = 5, c
T
2 =
(
bT2 −
2
3
bT0
)
R = −25
6
R. (155)
One obtains the flow contribution of the graviton fluc-
tuations
pi2 =
5
32pi2
∫
x
√
g
∫ ∞
0
dz
(
z − 5R
6
)
× ∂tR
(f)
k + (∂t lnF )R
(f)
k
z +R
(f)
k − 2U/F
. (156)
With ηg = 2 − ∂t lnF = −∂t lnw and employing the
Litim cutoff R
(f)
k = (k
2 − z)θ(k2 − z) this yields
pi2 =
5
32pi2(1− v)
∫
x
√
g
[
4
3
k4
(
1− ηg
8
)
− 5
2
k2
(
1− ηg
6
)
R
]
, (157)
where
v =
2U
k2F
=
u
w
. (158)
Correspondingly, the graviton contribution to cV and
cM depends on ρ˜ via v(ρ˜) and ηg(ρ˜),
c
(T )
V =
5
96pi2(1− v)
(
1− ηg
8
)
,
c
(T )
M =
25
128pi2(1− v)
(
1− ηg
6
)
. (159)
For scaling solutions with constant w(ρ˜) = w∗ = cM one
has ηg = 0. For c
(T )
V one recovers the graviton contribu-
tion to the flow of the effective potential [12, 78]. This re-
sult for c
(T )
M agrees with refs. [21, 35, 36]. Further details
and a comparison with the background field formalism
can be found in Appendices A and D.
C. Measure contribution
The gauge invariant flow equation involves a universal
“measure contribution”. It is given by
−δ(g)k = −
1
2
∂t ln det
(
Da +R(a)k (Da)
)
, (160)
with Da given by eq. (129). We will evaluate this expres-
sion here. In Appendix A, we show that the truncated
background field flow equation with physical gauge fixing
yields the same result. A different possible choice of the
cutoff function, where R
(a)
k (Da) is replaced by R(a)k (D˜a),
with D˜a obtained from Da by omitting in Dˆ in eq. (131)
the term R ρµ , is discussed in Appendix E.
We can express δ
(g)
k in terms of the eigenvalues λi ofDa as
δ
(g)
k =
1
2
tr ∂t ln
(
Da +R(a)k (Da)
)
=
1
2
∑
i
∂t ln
(
λi +R
(a)
k (λi)
)
. (161)
The eigenvalues of Da are the same as the eigenvalues of
the operator Dˆ in eq. (131). Indeed, for
Dˆ ρµ aρ = λ aµ (162)
one concludes from eq. (130)
(Da) ρτµν aρτ = (Dµλ aν +Dνλ aµ) = λ aµν . (163)
The constraints on the gauge fluctuations aµν are pre-
cisely that aµν can be expressed in term of aµ by
eq. (124), such that the set of eigenvalues of Dˆ completely
covers the set of eigenvalues of Da in the presence of
the constraints on aµν . The vector fields aµ are uncon-
strained, and we can write
δ
(g)
k =
1
2
tr(V )∂t ln
(
Dˆ +Rk(Dˆ)
)
, (164)
with tr(V ) the unconstrained trace over vector fields. We
emphasize that the measure contribution (164) is univer-
sal. For a given cutoff prescription it only depends on the
form of the IR-cutoff, not on the approximations used for
the gauge invariant effective action Γ¯. It only depends on
the metric, and not on fields describing other particles.
In particular, it contributes to the flow of U and F only
a ρ-independent term.
For the evaluation of δk we split aµ into a transverse
part and a longitudinal part, similar to the discussion of
the vector gauge field Aµ in sect. III B. We decompose
aµ = κµ +Dµu, D
µκµ = 0, (165)
with
Dˆ ρµ κρ = −D2κµ −R ρµ κρ,
Dˆ ρµ Dρu = −2D2Dµu = −2DµD2u− 2R ρµ Dρu. (166)
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For maximally symmetric geometries one finds
Dˆ ρµ κρ =
(
∆V − R
4
)
κµ = D1κµ,
Dˆ ρµ Dρu = 2Dµ
(
∆S − R
4
)
u = 2DµD0u, (167)
with ∆ = −D2, and ∆V , ∆S denoting the action of the
Laplacian on vector or scalar fields, respectively. The
eigenvalues of the operator ∆S−R/4 acting on u are the
eigenvalues of Dˆ/2 acting the longitudinal field Dµu. The
factor 1/2 drops out in ∂˜t ln Dˆ. The measure contribution
becomes the sum of a transverse vector and a scalar piece,
δk =
1
2
[
tr(1) ∂t ln
(
D1 +R(1)k (D1)
)
+ tr(0) ∂t ln
(
D0 +R(0)k (D0)
)]
, (168)
with tr(1) the trace over transverse vector fields (spin
one for geometries with rotation symmetry) and tr(0) the
trace over scalars (spin zero).
For the heat kernel expansion we employ
tr(1) e
−sD1 = tr(1) e−s∆V esR/4
= tr e−s∆V
(
1 +
R
4
s
)
=
1
16pi2
∫
x
√
g
(
bV0 s
−2 + bV2 Rs
−1)(1 + Rs
4
)
=
1
16pi2
∫
x
√
g
[
bV0 s
−2 +
(
bV2 +
1
4
bV0
)
Rs−1
]
,
(169)
with bV0 = 3, b
V
2 = 1/4. Similarly, one has
tr(0) e
−sD0
=
1
16pi2
∫
x
√
g
[
bS0 s
−2 +
(
bS2 +
1
4
bS0
)
Rs−1
]
, (170)
with bS0 = 1, b
S
2 = 1/6. This yields
δ
(g)
k =
1
32pi2
∫
x
√
g
∫ ∞
0
dzW (z)
(
4z +
17
12
R
)
, (171)
with W (z) = ∂tRk(z) /(z + Rk(z)). The universal mea-
sure contribution (160) is found as
−δ(g)k = −
∫
x
√
g
(
k4`40
4pi2
+
17k2`20
192pi2
R
)
, (172)
with threshold functions `40 and `
2
0 evaluated for w˜ = 0.
For the Litim cutoff the measure contributions to the
flow of U and F are constants
c
(m)
V = −
`40
16pi2
= − 1
32pi2
,
c
(m)
M =
17`20
384pi2
=
17
384pi2
. (173)
One may compare this simple result with the usual treat-
ment of a ghost sector and the vector and scalar fluctu-
ations of the metric. For a general gauge fixing, includ-
ing the most commonly employed gauge fixings, no such
simple result exists. For a physical gauge fixing, how-
ever, the leading order yields a contribution of the gauge
fluctuations δ
(g)
k , and a ghost contribution 
(g)
k = −2δ(g)k ,
reproducing the total measure contribution (172). De-
tails can be found in Appendix A. Comparing the mea-
sure contribution (173) with the graviton contribution,
one finds for ηg = 0 that the measure part of cV is a
factor −3(1−v)/5 of the graviton part, while for cM it is
a factor 17(1 − v)/75 of the graviton contribution. The
graviton contribution dominates, in particular for v close
to one.
D. Physical scalar metric fluctuations
For the physical scalar fluctuations the inverse prop-
agator matrix mixes the scalar contained in the metric
fluctuations with the other scalars in the model. As a
result, the scalar contribution to the flow becomes some-
what lengthy. We display this mixing for our trunca-
tion in Appendix A. In particular, for a single additional
scalar field φ the scalar contribution pi0 involves the mix-
ing effect between σ and φ as given in eq. (A29). We
will neglect here this mixing effect and concentrate on
the contribution of the scalar metric fluctuation σ, while
the contribution of φ is contained in NS as discussed
in sect. III A. The resulting expression for pi0 can be ex-
tracted from Appendix D. It still remains a somewhat
lengthy expression. Since the scalar part in the metric
fluctuations is small as compared to the graviton part,
we approximate it by setting v = 0. This error is mod-
est, given that factors as (1 − v/4)−1 appearing in the
propagator are reasonably close to one for the range of
interest |v| ≤ 1.
Under the approximations made above one can evalu-
ate pi0 as
pi0 =
1
32pi2
∫
x
√
g
∫ ∞
0
dz
(
z +
R
6
)
∂tRk + (∂t lnF )Rk
z +Rk
− 1
32pi2
∫
x
√
g
∫ ∞
0
dz
(
z
R
24
)
∂tRk + (∂t lnF )Rk
(z +Rk)2
=
1
32pi2
∫
x
√
g
[
4k4
3
(
1− ηg
8
)
+
4k2
9
(
1− 11ηg
64
)
R
]
,
(174)
where we employ the Litim cutoff in the last equality.
The contributions to the flow equations (37) read
c
(σ)
V =
1
96pi2
(
1− ηg
8
)
,
c
(σ)
M = −
1
144pi2
(
1− 11ηg
64
)
. (175)
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More precise calculations for the contributions from the
physical scalar fluctuations, including the mixing term
and a finite v, are presented in Appendix D.
For ηg = 0, as appropriate for the scaling solution at
ρ˜ = 0, the contribution of the scalar in the metric fluctu-
ations effectively adds to NS a term 4/3. Here the factor
4/3 is due to the k-dependence of the factor F multiply-
ing the IR-cutoff for the metric fluctuations. We observe
that pi0 is suppressed as compared to the graviton fluctu-
ations pi2 by a typical factor (1−v)/5, with even stronger
suppression for the derivatives relevant for anomalous di-
mensions. This justifies the simplification in the scalar
metric sector. For positive v < 1 the error of setting
v = 0 used for the analytic discussion in the scalar prop-
agator ∼ (1 − v/4)−1 amounts at most to a factor 4/3.
For large negative v the graviton fluctuations are less
dominant as compared to the scalar fluctuations. How-
ever, all effects of metric fluctuations are suppressed by
v−1 in this case. For all models considered here eq. (175)
is a rather good approximation.
V. UV FIXED POINT
In our truncation we find an UV-field point with ρ˜-
independent u∗, w∗ for a large region of particle physics
models characterized by NS , NF and NV . This region
covers the standard model as well as GUT-models based
on SU(5) and SO(10). The fixed point exists for an ar-
bitrary number of scalar fields NS for these models. In
the region of strong gravity for v close to one or w close
to zero our truncation is presumably not reliable. These
regions are encountered for large NS . We also find a
new fixed point, in addition to the Reuter fixed point,
in a small region of models. Based on the argument in
sect. V D we use the simplification (175), which permits
an analytic discussion of fixed points and critical expo-
nents.
A. Dependence on particle content
For an understanding of the UV-fixed point we take
all particles to be massless. We also set ηg = 0. As
discussed above, we omit for the physical scalar in the
metric fluctuations the mixing with other scalars and we
set v = 0 for this contribution. This results in the flow
equations
∂tu(ρ˜) = 2ρ˜ ∂ρ˜u− 4
[
u− 1
128pi2
(
N˜U + 20
3(1− v)
)]
,
∂tw(ρ˜) = 2ρ˜ ∂ρ˜w − 2
[
w − 1
192pi2
(
N˜M + 75
2(1− v)
)]
,
(176)
where
v =
u
w
. (177)
With eq. (122) we define the effective particle numbers
N˜U = NU − 8
3
= NS + 2NV − 2NF − 8
3
,
N˜M = NM + 43
6
= −NS + 4NV −NF + 43
6
. (178)
The second identities neglect ξ˜. The dependence of the
flow equations on the particle content of the model is
summarized in two numbers NU and NM or, equivalently
N˜U and N˜M . We will display our results in dependence of
N˜U and N˜M . This has the advantage that an improved
treatment of the physical scalar metric fluctuations, as
well as different treatments or cutoffs for the measure
contribution, can partially be absorbed by small shifts in
N˜U and N˜M . This extends to the effect of small particle
masses.
In a “lowest order approximation” one sets v in the
graviton propagator to be zero. This applies to weak
gravity of small w−1, since v ∼ w−1. In this limit the
contributions from matter and metric fluctuations for u
and w give the factors NU + 4 and NM + 134/3, respec-
tively. The matter contributions (NU and NM ) agree
with refs. [7, 30], whereas the contributions from the met-
ric fluctuations generally differ due to the dependences on
choices of the gauge parameters and regulators. Ref. [30],
in which the gauge choice α = β = 1 is taken and the
same cutoff functions are used, reports the factors 2 for
u and 46 for w as contributions from the metric fluctu-
ations. Since the main contribution comes from the TT
graviton mode, there is no drastic difference arising from
variations of the gauge choice and the cutoff functions.
The metric contribution in NU + 4 has a simple expla-
nation. The contribution of the six physical degrees of
freedom is multiplied by 4/3 due to F multiplying the
IR-cutoff, resulting in 6 · (4/3)− 4 = 4.
Beyond lowest order the gauge invariant flow equation
leads to considerable simplifications as compared to ear-
lier work, e.g. in ref. [30]. In particular, the effect of the
scalar metric fluctuations remains always small, such that
the mixing with other scalars can be neglected and the
simple approximation (176) can be used. This has im-
portant consequences for the existence of the fixed point,
being at the origin of differences in the allowed range of
NS , NV , NF as compared to ref. [30].
B. Limitation of truncation
A key element for our truncation for the metric fluctu-
ations is the specific form of the propagator which is de-
rived from an Einstein–Hilbert form of the gravitational
effective average action. In terms of the dimensionless
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quantities u and w the inverse graviton propagator in
presence of the IR-cutoff is proportional to
G−1grav =
(
Γ¯
(2)
k +Rk
)
grav
∼ w pk(Dˆf/k2)− u , (179)
with
pk(z/k
2) = (z +Rk(z))/k
2 . (180)
Due to the IR-cutoff, pk has a minimum p¯ > 0. For the
Litim cutoff, as well as other suitably normalized cutoffs,
one has p¯ = 1 and we will take this value. The minimal
value of wpk − u is therefore given by
y = w − u = w(1− v). (181)
In the vicinity of y = 0 our truncation is expected to
become insufficient. This concerns w close to zero or v
close to one. For example, adding to Γ¯k a term quadratic
in the Weyl tensor with coefficient D/2 adds to G−1grav a
piece D Dˆ2f/2, replacing
wpk − u→ wpk − u+D Dˆ2f/k4 . (182)
For y → 0 the term ∼ D will dominate near the minimum
of G−1grav and can no longer be neglected. We therefore
expect our approximation to break down for small values
of y, typically y <∼ D.
Within our truncation (D = 0) the graviton propa-
gator diverges for y → 0 even in the presence of the
IR-cutoff. It becomes unstable for y < 0. Such an insta-
bility is avoided by the flow for a valid truncation. In the
present truncation this is not the case. With
∂ty = βy = 2ρ˜ ∂ρ˜y − 4y + w
(
2 +
35
192pi2y
)
+
1
96pi2
(
N˜M − 3N˜U
)
, (183)
we observe that for y → 0 the flow generator βy is positive
for w > 0. As a result, a ρ˜-independent could y run
into the singularity for decreasing k. Similarly, a scaling
solution for a ρ˜-dependent y (∂ty(ρ˜) = 0) could run into
the singularity for increasing ρ˜. Such a behavior is not
acceptable, indicating the need for an extension of the
truncation for y → 0. The same problem is visible in the
flow equation for v,
∂tv = 2ρ˜ ∂ρ˜v − 2v
+
1
192pi2w
(
6N˜U − 2vN˜M + 75− 35
1− v
)
, (184)
for which v could run into the onset of the instability at
v = 1. This contrasts with the behavior of the flow of u
or v for constant w (or with the inclusion of a constant
D), for which the instability is repulsive and avoided by
the flow [78, 79]. We conclude that for v very close to
one or very small w our approximation can no longer be
trusted.
C. Constant scaling solution
In this paper we concentrate on the constant scaling
solution for which u(ρ˜) and w(ρ˜) have ρ˜-independent scal-
ing solutions, such that the terms 2ρ˜ ∂ρ˜u and 2ρ˜ ∂ρ˜w can
be omitted in the flow equation (176). For constant w one
also has ξ˜ = 0. Indeed, the flow equations (176) have a
fixed point with ρ˜-independent u and w, for which ηg = 0,
and
u∗ =
1
128pi2
(
N˜U + 20
3(1− v∗)
)
,
w∗ =
1
192pi2
(
N˜M + 75
2(1− v∗)
)
. (185)
This fixed point exists whenever the corresponding rela-
tion for v,
v∗ =
u∗
w∗
=
3N˜U (1− v∗) + 20
2N˜M (1− v∗) + 75
, (186)
has a solution for real v. The fixed point corresponds to
an acceptable stable theory if
v∗ < 1, w∗ > 0. (187)
Eq. (186) results in a quadratic equation for x = 1−v∗,
2N˜Mx2 + (3N˜U − 2N˜M + 75)x− 55 = 0. (188)
We are interested in solutions with positive x (v∗ < 1)
and positive w∗. For N˜M > 0 or NM ≥ −43/6 the con-
dition w∗ > 0 is obeyed for all x > 0. For N˜M < 0 or
NM < −43/6 one needs x in the range
0 < x <
75
|2N˜M |
. (189)
With
b = 2N˜M − 3N˜U − 75
= 2NV + 4NF − 5NS − 158
3
, (190)
eq. (188) has the solutions
x± =
1
4N˜M
(
b±
√
b2 + 440N˜M
)
. (191)
For N˜M > 0 there exists always one solution with x > 0,
whereas the second solution has x < 0. For N˜M < 0 and
b > 0 no solution with x > 0 exists. For N˜M < 0, b < 0
one finds two solutions with x > 0, provided
b2 > 440|N˜M |. (192)
Otherwise no solution exists. Particularly interesting are
the two solutions with both b and 440N˜M negative, e.g.
for
NS +NF > 4NV +
43
6
. (193)
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FIG. 1. Contour plot of the fixed point value of v+ in the
(N˜M , N˜U )-plane. In the red region for negative N˜U and N˜M
no constant scaling solution is found. In the yellow region
the scaling solution is unstable due to w+ < 0. The green re-
gion admits a stable constant scaling solution. As one moves
towards the region of large positive N˜U and negative N˜M ,
corresponding to a large number of scalar fields NS , the fixed
point value v+ approaches one. For v close to one our approx-
imations are no longer reliable. We indicate the location of
pure gravity, the standard model, as well as SU(5) and SO(10)
GUT-models with a number of scalar fields varying between
NS = 50 and 100.
It can be realized for a sufficient large number of fermions
and scalars as compared to the number of gauge fields.
We can take N˜U and N˜M as the two parameters char-
acterizing the particle content of a given model. In our
approximation they specify completely the fixed point
for u, w and v. Through the dependence on v∗, both u∗
and w∗ depend on both numbers N˜U and N˜M . In Fig. 1
we present contour plots for v∗ in the (N˜M , N˜U )-plane,
and similar for w∗ in Fig. 2. We show v+ and w+, which
correspond to x+ with the +-sign in eq. (191). Similar
plots for v− and w−, corresponding to x−, are shown in
Figs. 9, 10 in Appendix F. Allowed regions for stable theo-
ries obeying eq. (187) have different shades of green, while
fixed points with instabilities are not acceptable and are
indicated with yellow shades. Regions for which no real
solution exists because the argument of the square root
in eq. (191) is negative are indicated in red. Boundaries
of these regions are thick lines. We also present contour
plots for u in Fig. 3, with a corresponding plot for u− in
Fig. 11 in Appendix F.
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FIG. 2. Contour plot of the fixed point value of w+ in the
(N˜M , N˜U )-plane. The strength of gravity at the fixed point
w−1+ increases as one approaches the excluded red and yellow
regions for large negative N˜U and N˜M . For sufficiently neg-
ative N˜U fixed point gravity becomes unstable as N˜M turns
negative (red region). For the small value of w+ near the
boundary of the excluded red and yellow regions one may
have doubts on the validity of the truncation.
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FIG. 3. Contour plot of the fixed point value of u+ in the
(N˜M , N˜U )-plane. Roughly the fixed point potential or cosmo-
logical constant u+ is positive for positive N˜U and negative
for negative N˜U .
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D. New fixed point
Our investigation shows that for NS + NF > 4NV +
43/6 a new fixed point can emerge. It is instructive to
follow the change of the fixed point values as the param-
eters N˜M and N˜U are changed continuously. We denote
by “Reuter fixed point” the one which is connected con-
tinuously to the fixed point in pure gravity.
For the pure gravity fixed point one has NS = NF =
NV = 0, and therefore
N˜U = −8
3
, N˜M = 43
6
, b = −158
3
. (194)
Since N˜M > 0 one has x− < 0, v− > 1, which is outside
the range of stability. The Reuter fixed point therefore
corresponds to
(R) : v∗ = v+. (195)
For pure gravity one finds
v∗ = 0.152, u∗ = 0.00411, w∗ = 0.0271. (196)
Moving away from the pure gravity fixed point the
Reuter fixed point persists for N˜M > 0. Then x+ re-
mains positive for arbitrary b. A change of sign of b
is not relevant for the continuation of the Reuter fixed
point. Consider next the limit of small N˜M and a change
of sign of N˜M . For b < 0 and N˜M close to zero one can
expand
x+ = −55
b
, x− =
b
2N˜M
+
55
b
. (197)
For negative b the Reuter fixed point continues to neg-
ative N˜M without any discontinuity. We can follow the
Reuter fixed point on the line N˜U = −8/3 within the
green region in Figs. 1–3. This extends to the whole green
region on these figures, for which the Reuter fixed point
exists and remains associated to stable gravity at the
fixed point.
Let us next look at the second solution corresponding
in eq. (191) to x− with a relative minus sign. As long
as N˜M remains positive the solution x− < 0 remains
outside the range of stability. As soon as N˜M < 0 one
finds x− > 0, however. A new fixed point appears for
N˜M < 0,
(N) : v∗ = v−. (198)
It starts at small negative N˜M at v− → −∞ . In this
limit the graviton contribution becomes ∼ N˜M and
w− → N˜M
192pi2
(
1 +
75
b
)
approaches zero. This limit corresponds to very strong
gravity for which our approximations are no longer valid.
The graviton propagator may be dominated by higher
order derivative invariants. Keeping, nevertheless, our
truncation, the new fixed point is in the stable range
w− > 0 if
−75 < b < 0. (199)
No second fixed point in the stable range exists for b <
−75, N˜M → 0.
As N˜M becomes more negative the fixed point (N) may
move to more moderate values of w−1 for which our ap-
proximations are valid again. The question is if w− is
positive in this range. This requires x− to be sufficiently
small such that the inequality (189) is obeyed. This con-
dition is obeyed for
−75 + 22
15
N˜M < b < 0. (200)
For a given b < −75 the new fixed point x− may appear
in the stable region at nonzero negative N˜M , given by
N˜M,cr = 15
22
(b+ 75). (201)
We conclude that a new fixed point in the stable range
exists besides the Reuter fixed point if all three of the
following conditions are obeyed
b < 0, N˜M < 0, N˜M < 15
22
(b+ 75). (202)
In Fig. 4 we plot in the (N˜M , N˜U )-plane the lines w− =
0 and v− = 1, together with the excluded red region. We
also indicate the region where no stable new fixed point
exists. Only a rather small region of negative N˜U and
N˜M (green) exists for which the new fixed point is stable.
Within this region the Reuter fixed point and the new
fixed point exist simultaneously. As a consequence, one
expects the existence of crossover trajectories from one
fixed point to the other. The fixed point with a higher
degree of stability is attractive for the crossover trajec-
tories. We will discuss this issue in the next section V E.
The new fixed point typically occurs in a region close
to instabilities where our truncation is not very reliable.
Extending the truncation, two outcomes are possible. Ei-
ther the region where the new fixed point exists shrinks or
disappears completely. Or the region of existence grows
larger, making the new fixed point relevant for a larger
class of particle physics models.
E. Standard Model and Grand Unification
We next discuss a few particular particle physics mod-
els. For the standard model with NS = 4, NV = 12,
NF = 45 one has
NU = −62, NM = −1,
N˜U = −194
3
, N˜M = 37
6
, b =
394
3
. (203)
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FIG. 4. Contour plot of the allowed (green) and excluded
(red) regions for the new fixed point. We indicate line plots
of v− = 1 (red dotted line) and w− = 0 (blue solid line) in
(N˜M , N˜U )-plane. For the yellow region the fixed point u−,
w− is unstable. Only for the green region with N˜U and N˜M
somewhat smaller than zero the new fixed point is stable. As
the unstable yellow region is approached our truncation is not
expected to remain valid.
Due to the positive value of N˜M there is only one fixed
point solution with v∗ < 1 and positive w∗. One finds
v∗ = −10.05, u∗ = −0.0507, w∗ = 0.00505. (204)
The graviton contribution is reduced due to the large
negative value of v. Also the contribution pi0 from
scalar metric fluctuations will be reduced by a factor
(1 − v/4)−1 ≈ 0.3 as compared to the approximation
(175). A more accurate estimate would reduce N˜U by
one unit, and enhance N˜M by one unit. This remains a
small effect.
As another example we may take an SO(10) grand
unified theory (GUT) with NV = 45, NF = 48 and
NU = NS − 6, NM = 132−NS , or
N˜U = NS − 26
3
, N˜M = 835
6
−NS = 139.17−NS ,
b =
688
3
− 5NS = 229.33− 5NS . (205)
For a large number of scalars NS > 139 the combination
N˜M turns negative. Then b is negative too, such that
two solutions could exist provided the constraint (192)
is obeyed. This holds indeed for all NS . The second
condition (200) for positive w− reads
688
3
− 5NS > −75 + 22
15
(
835
6
−NS
)
(206)
or
NS <
4510
159
≈ 28.36. (207)
This is not compatible with NS > 139. We conclude that
only the Reuter fixed point exists in the stable range for
all NS . No new fixed point is realized for SO(10)-GUTs.
We plot u∗, w∗ and v∗ as functions of NS in Fig. 5.
Since N˜U is positive for all realistic NS one finds positive
w∗ only for v∗ > 0, and w∗ < 0 for v∗ < 0. The Reuter
fixed point, (blue dashed curves or upper dashed curves)
exists for all NS . For NS >∼ 100 it moves rather close to
v = 1, however, such that our truncation may no longer
be reliable. The new fixed point (red dashed or lower
dashed curves) has positive w− only in a range where
v− > 1, such that it is unstable for all NS .
With
W =
√
b2 + 440N˜M
b2
=
√
1 +
440N˜M
b2
, (208)
we can write the fixed point solutions as
v± = 1− 15NS − 688
12NS − 1670 (1∓W) . (209)
For very large NS → ∞ one has W → 0 such that v+
approaches 1 and v− goes to −3/2. Only v+ corresponds
to positive w∗ > 0 in this case. Indeed, for the two
solutions v+ and v− one finds the fixed points for w
w± =
u±
v±
=
6NS − 835
1152pi2(15NS − 688)
(
450
1∓W − (15NS − 688)
)
.
(210)
For large NS only w+ corresponds to stable gravity, w+ >
0. In particular, for NS →∞ one has
w+ → 1
12672pi2
(159NS − 2125) ,
w− → 1
1152pi2
(−6NS + 925) . (211)
In our truncation we find that a fixed point with con-
stant u, w and v exists for arbitrary NS . The mech-
anism is a cancellation between negative contributions
to cM from scalar and fermion fluctuations and a large
positive contribution from the graviton fluctuations. As
NS increases, the size of the graviton contribution has
also to increase. This is achieved by moving v close to
one, realizing a substantial enhancement of the graviton
contribution. This mechanism implies, however, that for
large NS our approximation becomes questionable since
v comes close to one. Already forNS >∼ 50 one may doubt
the validity of our truncation. This value is too low for a
realistic SO(10)-GUT model. In consequence, we will not
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be able to make robust statements about SO(10)-GUT
models.
For SU(5)-GUT models one has NV = 24, NF = 45
and therefore
N˜U = NS − 134
3
, N˜M = 349
6
−NS , b = 526
3
− 5NS .
(212)
In this case also more moderate numbers of scalar fields
are possible. For a minimal set with a real 24-plet and a
complex 5-plet one has NS = 34 and therefore moderate
values of N˜U and N˜M ,
N˜U = −32
3
, N˜M = 145
6
. (213)
The corresponding fixed point values are
v∗ = −0.123 , u∗ = −0.00375 . w∗ = 0.0304 .
(214)
They are not far from the values for pure gravity.
VI. QUANTUM GRAVITY PREDICTIONS FOR
THE HIGGS SECTOR
In this section we address the question raised in the
introduction, namely if the quartic coupling λH of the
Higgs sector corresponds to an irrelevant coupling near
the UV-fixed point and therefore becomes predictable by
quantum gravity. For this purpose we have to expand the
effective potential U(ρ) in terms of ρ = h†h, where h is
the Higgs doublet. The flow of the first three coefficients
of this expansion describes the flow of the cosmological
constant, the mass term and the quartic coupling of the
Higgs boson. We will work at fixed values for possible
other scalar fields, typically set to zero. We also neglect
possible small effects from non-zero gauge and Yukawa
couplings of the Higgs doublet. In this case constant
values for NF and NV can be taken, and similarly for
the number of scalars beyond the Higgs doublet NS − 4.
These numbers characterize the short-distance model of
particle physics into which the standard model is embed-
ded.
Besides the expansion of U(ρ) we perform a similar
expansion for F (ρ). We truncate the expansion at second
order in the ρ-derivatives. This leaves us with the flow
of six couplings describing the deviations from the UV-
fixed point or constant scaling solution. In this space
of couplings we compute the stability matrix for small
deviations from the fixed point and its eigenvalues, the
critical exponents. For the standard model and GUT-
models with not too large NS , such that our truncation
remains reliable, we find that indeed the quartic Higgs
coupling corresponds to an irrelevant parameter at the
UV-fixed point.
A. Mass term and couplings
For the Higgs sector we are interested in
√
ρ near the
Fermi scale ϕ0. For the range of k of interest here this
corresponds to very small values of ρ˜. We therefore ex-
pand the effective potential U(ρ) around ρ = 0,
U(ρ) = V +m2Hρ+
λH
2
ρ2 , (215)
and correspondingly for the dimensionless potential u(ρ˜),
u(ρ˜) = u0 + m˜
2
H ρ˜+
λ˜H
2
ρ˜2 . (216)
We also expand
w(ρ˜) = w0 +
ξH
2
ρ˜+
w2
2
ρ˜2 , (217)
with ξH a non-minimal coupling between the Higgs scalar
and gravity of the type −ξHh†hR/2. The function ξ˜ in
eqs. (18), (120) reads
ξ˜ = ξH + 6w2ρ˜ , (218)
where Nξ = 4 for the standard model, and larger suitable
Nξ for larger representations in which the Higgs doublet
is embedded in GUT models.
The flow equation for m˜2H(ρ˜) = ∂ρ˜u(ρ˜) is obtained by
taking a ρ˜-derivative of the first equation (176),
∂tm˜
2
H = 2ρ˜ ∂ρ˜m˜
2
H + (A− 2)m˜2H −
1
2
AξHv +
1
32pi2
∂N˜U
∂ρ˜
,
(219)
where the graviton induced anomalous dimension A reads
A =
5
24pi2w(1− v)2 . (220)
Here we employ v(ρ˜) = u(ρ˜) /w(ρ˜) and
∂ρ˜v =
1
w
(
m˜2H −
ξHv
2
)
, (221)
with ξH(ρ˜) = 2∂ρ˜w(ρ˜).
Taking a further ρ˜ derivative of eq. (221) yields the flow
equation for λ˜H ,
∂tλ˜H = 2ρ˜ ∂ρ˜λ˜H +A(λ˜H − vw2)
+
A
w
{
2
1− v
(
m˜2H −
ξHv
2
)2
− ξH
(
m˜2H −
ξHv
2
)}
+
1
32pi2
∂2N˜U
∂ρ˜2
. (222)
Similarly, one finds the flow equation for ξH(ρ˜) =
2∂ρ˜w(ρ˜) from the ρ˜-derivative of the second equation
(176),
∂tξH = 2ρ˜ ∂ρ˜ξH +
15A
4
(
m˜2H −
ξHv
2
)
+
1
48pi2
∂N˜M
∂ρ˜
.
(223)
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FIG. 5. Fixed point values of v∗, u∗ and w∗ as functions of NS for SU(5) (solid lines) and SO(10) (dashed lines) GUT models.
We display both possible constant scaling solutions (u+, w+, v+) (blue lines in upper parts of the figures) and (u−, w−, v−) (red
lines in lower part of the figures). For the Reuter fixed point the truncation becomes insufficient as v+ moves close to one for
large NS . For the new fixed no stable solutions are found for large NS due to w− < 0. For small w our approximations are
doubtful. The gray regions are not allowed due to the conditions v∗ < 1 and w∗ > 0. The vertical dotted and dotdashed lines
are at NS = 47 and NS = 139 at which w−∗ = 0, respectively.
For w2(ρ˜) = ∂
2w/∂ρ˜2 = (∂ξH/∂ρ˜)/2 one obtains
∂tw2 = 2ρ˜ ∂ρ˜w2 + 2w2 +
15A
8
{
λ˜H − w2v
− ξH
w
(
m˜2H −
ξHv
2
)
+
2
w(1− v)
(
m˜2H −
ξHv
2
)2}
+
1
96pi2
∂2N˜M
∂ρ˜2
. (224)
For ρ˜-independent N˜U and N˜M these flow equations
have a simple scaling solution
m˜2H∗ = 0, λ˜H∗ = 0, ξH∗ = 0, w2∗ = 0, (225)
which correspond to ρ˜-independent u and w. The corre-
sponding fixed point values u0∗ and w0∗ are given by u+
and w+ as discussed for the constant scaling solutions
in sect. V. If also the gauge and Yukawa couplings are
zero at the fixed point only the gravitational interactions
remain at this fixed point.
Vanishing fixed point values for m˜2H , λ˜H , ξH and w2
follow directly if both N˜U and N˜M are constants. This
is only an approximation for small matter couplings. For
the example of a single gauge boson coupling to the
Higgs doublet with gauge coupling e, the ρ-dependence
in eq. (82) generates an additional term for the flow of
m˜2(ρ˜),
∆∂tm˜
2
H(ρ˜) = −
3e2
32pi2(1 + e2ρ˜)2
, (226)
and similar for non-zero Yukawa couplings and quartic
scalar couplings. For e 6= 0 the scaling solution is no
longer independent of ρ˜, with m˜2H 6= 0. For vanishing
matter couplings at the fixed point, e2∗ = 0, these cor-
rections do not change the fixed point. They modify,
however, the stability matrix for small deviations from
the fixed point.
We note at this point that the constant scaling solu-
tion (225) is not the only possible scaling solution. For
example, one may investigate scaling solutions with ρ˜-
dependent w reaching a form w ∼ ξ∞ρ˜/2 for ρ˜ → ∞.
Such scaling solutions have been discussed in the context
of dilaton quantum gravity [80, 81].
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B. Critical exponents
For small deviations form this scaling solution we dis-
cuss the (truncated) stability matrix T which describes
the linear approximation for the vicinity of the fixed point
∂tg˜i = −Tij(g˜j − g˜j∗) , (227)
with six couplings
g˜i = (u0, w0, m˜
2
H , ξH , λ˜H , w2). (228)
The stability matrix obtains as
Tij = −∂βi
∂gj
∣∣∣∣
gj=gj∗
, (229)
where
∂tgi = βi . (230)
The critical exponents are the eigenvalues of the stabil-
ity matrix. Eigenvectors with respect to positive critical
exponents are relevant couplings, whereas the ones for
negative exponents are irrelevant couplings. The irrele-
vant couplings are predicted to take their fixed point val-
ues. The six couplings g˜i = (u0, w0, m˜
2
H , ξ˜H , λ˜H , w2)
are related to the values of u(ρ˜), w(ρ˜), m˜2H(ρ˜) etc. at
ρ˜ = 0.
We first neglect the terms proportional to ∂N˜U/∂ρ˜
and ∂N˜M/∂ρ. In this approximation the stability ma-
trix decays into 2 × 2-blocks. The first block involves
(g˜1, g˜2) = (u0, w0)
T (12) =
4−A Av
−15A
8
2 +
15Av
8
 . (231)
The second block for (g˜3, g˜4) = (m˜
2
H , ξH) reads
T (34) =

2−A Av
2
−15A
4
15Av
8
 , (232)
while the third block for (g˜5, g˜6) = (λ˜H , w2) becomes
T (56) =
 −A Av
−15A
8
−2 + 15Av
8
 . (233)
Here A and v are evaluated for ρ˜ = 0. This block struc-
ture continues for higher couplings. It is a result of our
simple truncation. Including for the scalar fluctuation
contribution the dependence of ∂tu and ∂tw on m˜
2
H and
ξ˜ will mix the different blocks.
Consider first the (λH , w2)-sector for which the critical
exponents are
θ5,6 = −1
2
{
A+ 2− 15Av
8
±
√
(A− 2)2 − 15A(A+ 2)v
4
+
(
15Av
8
)2}
.
(234)
For |v|  |(A− 2)/(2A)| one may expand,
θ5 = −A+ 15A
2v
8(A− 2) ,
θ6 = −2− 15Av
4(A− 2) . (235)
We may also expand for |Av|  (A − 2 − 15Av/8)2/15,
where
θ5 = −A− 15Av
8
+
15Av
4(A− 2− 15Av/8)2 ,
θ6 = −2− 15Av
4(A− 2− 15Av/8)2 , (236)
which covers a region of A closer to two. In the region of
validity of these expansions both couplings are irrelevant
and therefore predictable. The eigenvector of the critical
exponent θ5 is mainly λH , while for θ6 it is w2. Another
expansion for large negative v, −v  |(A + 2)/(2A)|,
yields
θ5 =
16
15v
,
θ6 =
15Av
8
−A− 2 . (237)
In this limit one finds again negative critical exponents
θ5 and θ6. For small v and negative v both λH and w2
are irrelevant couplings predicted to be zero at the fixed
point.
As v increases from zero towards one, the fixed point
approaches the region where our truncation is expected
to break down. For a given A the eigenvalues θ5 and θ6
remain real as long as v < vcr, with
vcr =
8
15
(
1∓
√
2
A
)2
. (238)
The minus sign holds for v < 8/15 + 16/(15A), and the
plus sign for v > 8/15+16/(15A). While complex critical
exponents for v > vcr are no problem, they may neverthe-
less be artifacts of an insufficient truncation. For v = vcr,
where the imaginary part starts to set in, one has
θ5 = θ6 = −
√
2A . (239)
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Both λH and w2 are irrelevant.
The eigenvalues in the sector m˜2H , ξH are shifted by
two as compared to θ5,6,
θ3 = θ5 + 2, θ4 = θ6 + 2. (240)
Similarly, one finds in the sector δu0, δw0
θ1 = θ5 + 4, θ2 = θ6 + 4. (241)
Correspondingly, the critical exponents for higher order
couplings are shifted to more negative values. For −2 <
θ5,6 < 0 there are four relevant couplings δu0 = u0−u0∗,
δw0 = w0 − w0∗, m˜2H and ξH , while all other couplings
are irrelevant. For more negative θ5, θ6 the number of
relevant couplings is reduced.
C. Graviton induced anomalous dimension
A crucial quantity for predictions of the properties of
the effective potential for the Higgs scalar is the graviton
induced anomalous dimension A [12, 78, 79, 82]. For
ηg = 0 it is given by
A =
5
24pi2w(1− v)2 =
5
24pi2wx2
=
80
x(75 + 2N˜Mx)
,
(242)
with x = x+ = 1 − v+ given by the Reuter fixed point
(191).
For pure gravity one finds with x = 0.848, N˜M = 43/6
a value
A = 1.082, (243)
and therefore critical exponents
θ5 = −1.39 + 0.491i, θ6 = −1.39− 0.491i. (244)
For the standard model one has x = 11.05, N˜M = 37/6,
resulting in
A = 0.0343, (245)
and critical exponents
θ5 = −0.0258. θ6 = −2.65, (246)
Due to the small value of A the influence of the off-
diagonal elements in the matrices (231)–(233) is small.
In a rough approximation the eigenvectors correspond
simply to the couplings δu0, δw0, m˜
2
H , ξH , λH , w2. There
are three relevant couplings that may be associated with
δu0, δw0 and m˜
2
H . The couplings ξH , λH and w2 are
irrelevant. The value of θ5 is rather close to zero, such
that the critical exponents for δu0, m˜
2
H and λH are not
far from the canonical scaling exponents. The approach
of the quartic coupling λH to its fixed point value λH∗ =
0 is rather slow. As a consequence, the small effects of
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FIG. 6. Graviton induced anomalous dimension A, given by
eq. (242), for SU(5) and SO(10) GUT models as a function of
the number of scalars NS .
non-zero gauge and Yukawa couplings in the vicinity of
the fixed point have to be taken into account for the flow
of λH away from the fixed point, even for the region of
large k where the metric fluctuations are important.
In order to get some intuition on the size of A for
GUT-models we may consider the limit of large NS . For
|N˜M |  b2/440 one may use eq. (197) for b < 0, resulting
in
A ≈ 16|b|
825
(
1 +
22N˜M
15|b|
)−1
. (247)
For large values of |b| the anomalous dimension becomes
much larger than one. For the example of an SO(10)-
GUT with NS = 317 scalars (complex 126, complex 10
and real 45) one has |b| = 1355.7, N˜M = −177.83, and
finds A = 32.29. For large NS one observes a linear
increase of A with NS , as can be seen from Fig. 6 where
we plot A as a function of NS . The large values of A
arise from a fixed point value of v rather close to one.
This is outside the range of validity of our truncation.
The range of very large values of A should therefore not
be taken as realistic.
For SU(5) one also has an increase of A for large NS .
For a minimal set with NS = 34 one has
A = 1.004. (248)
One finds for the critical exponents
θ5 = −0.5075 . θ6 = −2.171 , (249)
Thus λH , ξH and w2 are irrelevant couplings, while m˜
2
H ,
δu0 and δw0 are relevant.
In Fig. 7 we show the dependence of the critical ex-
ponents on the number of scalar fields for SU(5)- and
SO(10)-GUTs. For SU(10) there is a critical threshold for
the number of scalars Ncr ≈ 37 such that for NS < Ncr
all critical exponents are real, while for NS > Ncr they
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FIG. 7. Critical exponents (real parts of eigenvalues of T (12), T (34) and T (56)) as functions of NS in SU(5) and SO(10) GUTs.
For small values of NS the critical exponents are not far from the values given by the canonical mass dimension of the associated
parameters. For the SO(10)-model the curves for small NS from top to down correspond approximately to u0, w0, m˜
2
H , ξH ,
λH and w2. In particular, the critical exponent for the quartic coupling of the Higgs scalar is negative, making this irrelevant
parameter predictable. As NS increases, the quartic scalar coupling becomes first more and more irrelevant, with decreasing
θ5. For NS close to 40 the eigenvalues of the stability matrix develop an imaginary part, and the absolute value of the critical
exponents starts to increase. For large NS our approximations remain no longer valid.
develop an imaginary part. For NS < Ncr both θ5
and θ6 are negative, while the other critical exponents
θ1, · · · , θ4 are positive. As NS approaches Ncr from be-
low the critical exponent θ5 decreases, while θ6 increases.
Both critical exponents have a common negative value for
N = Ncr. For NS > Ncr the real part of the critical expo-
nents θ5,6 increases, becoming even positive as one comes
close to the boundary of the region of validity of our
truncation. This part should not be trusted. For SU(5)
the situation is qualitatively similar, with Ncr = 43. In
contrast to SO(10), only three couplings are relevant for
NS < 39.
In Fig. 8 we show contour plots of θ5 and θ6 in the
(N˜U , N˜M )-plane. Both exponents are negative except
for the upper left corner where our truncation becomes
unreliable.
D. Beyond the graviton approximation
In the graviton approximation N˜U and N˜M are treated
as constants. For this approximation the only ρ˜-
dependence of the flow generators in eq. (176) (beyond
the canonical terms 2ρ˜ ∂ρ˜u− 4u and 2ρ˜ ∂ρ˜w− 2w) arises
through the ρ˜-dependence of v. This results in the block
structure of the stability matrix. The ρ˜-dependence of
the effective particle numbers N˜U and N˜M induces a mix-
ing between the different blocks.
Let us start with the ρ˜-dependence of N˜M induced by
the contribution −3Nξ ξ˜/2, cf. eq. (122), and neglect first
other contributions to the ρ˜-dependence of N˜U and N˜M .
With the polynomial truncation (217),
ξ˜ = ξH + 6w2ρ˜ , ∂ρ˜ξ˜ = 8w2 , (250)
one has
∂N˜M
∂ρ˜
= −12NHw2 , ∂
2N˜M
∂ρ˜2
= 0 . (251)
Here Nξ = NH is the dimension of the multiplet to which
the Higgs doublet belongs. This results in additional con-
tributions for the flow generators for w0 and ξH ,
∂tw0 = βw0 = · · · −
NH
64pi2
ξH ,
∂tξH = βξ = · · · − NH
4pi2
w2 . (252)
These additional terms do not affect the constant scal-
ing solution (185), (225). They influence, however, the
stability matrix by mixing the blocks,
T24 = −∂βw
∂ξH
=
NH
64pi2
, (253)
T46 = − ∂βξ
∂w2
=
NH
4pi2
. (254)
This does not change the eigenvalues or critical expo-
nents. The stability matrix has now a triangle structure
T =

T (12) T˜ (12) 0
0 T (34) T˜ (34)
0 0 T (56)
 , (255)
with T24 and T46 contributing to the 2×2-matrices T˜ (12)
and T˜ (34), respectively. In consequence, the eigenvalues
remain the eigenvalues of the 2× 2-matrices T (12), T (34)
and T (56).
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FIG. 8. Contour plots for the real part of θ5 (left) and θ6 (right). The red (no constant scaling solution) and yellow (unstable
solution due to w+ < 0) regions are excluded. The pink dashed line shows the change of NS for SU(5)-GUT model. It
corresponds to the plots for θ5 and θ6 in Fig. 7. For NS ≥ 43 in SU(5) GUT both θ5 and θ6 have an imaginary part, so that
their real parts are degenerate.
The triangular form of the stability matrix remains
preserved if we include the dependence of NS on scalar
mass terms. Let us assume for simplicity that NH scalars
have all mass terms m2H = m˜
2
Hk
2, m˜2H = ∂u/∂ρ˜. This
results in an additional ρ˜-dependence of NS ,
NS = N
(0)
S +NH
(
1
1 + m˜2H
− 1
)
. (256)
With
∂βu
∂m˜2H
= − NH
32pi2(1 + m˜2H)
2
,
∂βw
∂m˜2H
=
NH
96pi2(1 + m˜2H)
2
, (257)
one finds off-diagonal contributions in the stability ma-
trix
T13 =
NH
32pi2
, T23 = − NH
96pi2
, (258)
such that
T˜ (12) =
NH
32pi2
(
1 0
−1/3 1/2
)
. (259)
Similarly, with
∂N˜U
∂ρ˜
= − NHλH
(1 + m˜2H)
2
,
∂N˜M
∂ρ˜
=
NHλH
(1 + m˜2H)
2
, (260)
one obtains new elements of the stability matrix
T35 =
NH
32pi2
, T45 = − NH
48pi2
, (261)
resulting in
T˜ (34) =
NH
32pi2
(
1 0
−2/3 8
)
. (262)
We conclude that for the constant scaling solution the
stability matrix is very simple. Its structure remains sim-
ilar if we take into account the v-dependence of the scalar
physical metric fluctuation pi0. This will be different for
possible scaling solutions for which u and w depend on ρ˜.
In particular, if gauge or Yukawa couplings at the fixed
point differ from zero, such a ρ˜-dependence of the scaling
solution will be induced by ∂NV /∂ρ˜ and ∂NF /∂ρ˜ that
do not vanish for ρ˜→ 0. This will induce non-zero fixed
point values m˜2H∗, λH∗, w2∗. We have discussed some
details of this case in sect. III C.
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E. Critical exponents for the new fixed point
We have concentrated our discussion of critical expo-
nents on the Reuter fixed point, since this is the only
fixed point for the standard model and the discussed
GUT-models. In the small region where two fixed points
exists it is interesting to know which one is more stable,
e.g. which one has less relevant parameters. For the new
fixed point v− is negative for the interesting range of N˜U
and N˜M . For large negative v, this has the tendency to
make the critical exponent θ6 more negative according to
eq. (237). For the example N˜U = N˜M = −5 one finds for
the new fixed point v− = −5.098 and w− = 0.0006066
(N) : θ5 = −0.168, θ6 = −16.03, (263)
while the critical exponents for the Reuter fixed point are
given by
(R) : θ5 = −1.55 + 0.539i, θ6 = −1.55− 0.539i.
(264)
We conclude that the Reuter fixed point has four relevant
parameters, while the new fixed point only has two. This
seems to indicate that the new fixed point is actually the
more stable one.
VII. CONCLUSIONS
We have computed the flow equations for the effective
potential U(ρ) and the coefficient function of the curva-
ture scalar F (ρ), within quantum gravity coupled to an
arbitrary number of scalars, gauge bosons and fermions.
The use of the gauge invariant flow equation constrains
the possible form of the effective average action by dif-
feomorphism symmetry. Since our setting is formulated
in terms of a single macroscopic metric, diffeomorphism
symmetry relates, for example, the effective scalar po-
tential and the zero momentum behavior of the gravi-
ton propagator. Furthermore, the gauge invariant flow
equation leads to a universal measure contribution to the
flow which is a fixed functional of the metric, not involv-
ing the matter fields. This replaces the contribution of
ghosts and part of the metric fluctuations in other func-
tional renormalization group investigations of quantum
gravity. For the gauge invariant flow equation the contri-
bution from the physical metric fluctuations decays into
the dominant, rather simple graviton contribution (trace-
less transverse tensor fluctuations) and a physical scalar
contribution. The latter is more involved, also due to
mixing with other scalars. Being subdominant it admits,
however, a reasonable approximation which permits us
to discuss many aspects analytically.
We concentrate in this paper on the fixed point or scal-
ing solution with field independent U and F , and the
vicinity of it.We find a scaling solution for all the mod-
els we have considered, pure gravity, the standard model
and grand unified models based on SO(10) or SU(5) with
an arbitrary number of scalar fields NS . For SO(10) the
fixed point is situated, however, outside the range of va-
lidity of our truncation, due to the large number of scalar
fields needed for a realistic spontaneous symmetry break-
ing. For dealing with SO(10) reliably one needs at least
to include the effect of the squared Weyl tensor for the
graviton propagator.
For the vicinity of the fixed point we have used a Tay-
lor expansion of U(ρ) and F (ρ) in terms of ρ, which is
a quadratic invariant formed from scalar fields. We con-
centrate on the Higgs doublet h for which ρ = h†h. We
compute the flow of the scalar mass term and quartic
scalar coupling, as well as a non-minimal scalar gravity
coupling, in the vicinity of the fixed point. From the cor-
responding stability matrix and its eigenvalues, the crit-
ical exponents, we find that the quartic scalar coupling
λH is an irrelevant parameter for all models considered,
restricted to ranges where our truncation does not be-
come invalid. This gives support to the prediction of the
mass of the Higgs boson in ref. [11].
On the other hand, for the same range of models the
scalar mass term m˜2H turns our to be a relevant parame-
ter. Self-adjusted criticality in the Higgs sector, and the
associated resurgence mechanism [83], is not realized for
this class of models for the constant scaling solution. A
small ratio between the Fermi scale and the Planck scale
is technically natural because of particle scale symme-
try [82]. Its value cannot be predicted, however, if the
distance from the phase transition is a relevant param-
eter. This situation may change for a different scaling
solution. Another interesting possibility for m˜2H becom-
ing an irrelevant parameter may arise for GUT-models
with large NS . The gravity induced anomalous dimen-
sion A may grow large for this type of models. If a more
reliable truncation tames the large off-diagonal elements
in the stability matrix, this may offer prospects for self-
adjusted criticality.
We are aware that an understanding of the effective
potential U and the effective squared Planck mass F at
the fixed point of quantum gravity, as well as the stabil-
ity analysis at the fixed point, is only at its beginning.
Nevertheless, already at this stage the gauge invariant
flow equation offers many insights, and we hope that a
robust picture will arise from extended truncations.
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Appendix A: Effective average action in the
background field formalism and physical gauge fixing
In the main body of this paper we employ the gauge
invariant flow equation with a single metric and gauge
field. As we have argued in sect. II, this is equivalent to
the more standard background formalism with a physi-
cal gauge fixing, in the most commonly used truncation
where the field dependent inverse propagator is approx-
imated by the second functional derivative of a gauge
invariant kernel plus a gauge fixing term. This equiva-
lence holds if no field-derivatives of the flow equation are
performed — for the differences concerning field deriva-
tives see Appendix C. In the background field formalism
the IR-cutoff depends on a separate background field,
not on the macroscopic field as for the gauge invariant
flow equation. In the background formalism one also uses
ghost fields with an appropriate IR-cutoff.
In the background field formalism the one-loop form
of the functional flow equation is exact [13, 14, 84]. It is
given as a functional differential equation
∂tΓk[Φ] =
1
2
Tr
[(
Γ
(2)
k [Φ] +Rk
)−1
∂tRk
]
, (A1)
where Rk is an infrared regulator function and ∂t = k∂k
is a dimensionelss scale derivative. The trace in eq. (A1)
sums over all internal degrees of freedom of a multi-field Φ
which includes ghosts. It involves a momentum integra-
tion and a sum over internal space indices. The matrix of
second functional derivatives Γ
(2)
k is the full inverse prop-
agator of Φ. For reviews on functional renormalization
group (FRG), one can see refs. [67, 85–93].
In this appendix we work in the standard background
field formalism. For a physical gauge fixing and a suitable
truncation this will produce the same flow equation as in
the main text. This appendix, together with Appendix D,
is self-contained.
1. Setup
We consider the system of a singlet scalar field ϕ non-
minimally coupled to gravity. Our truncation for the
effective action is given by
Γk = Γ
gravity
k + Γ
S
k + Γ
V
k + Γ
F
k , (A2)
where
Γgravityk = −
1
2
∫
x
√
g F (ρ)R+ Γgf + Γgh ,
ΓSk =
∫
x
√
g
{
U(ρ) +
Zϕ
2
gµν ∂µϕ∂νϕ
}
,
ΓVk =
ZA
4e2
∫
x
√
g FµνF
µν + Γ
(V )
gf + Γ
(V )
gh ,
ΓFk =
∫
x
√
g
{
iZψψ¯γ
µDµψ + yψ¯γ
5ψϕ
}
. (A3)
Here F (ρ) is the field dependent Planck mass, U(ρ) is the
scalar effective potential, and Zϕ, Zψ and ZA stand for
the field-renormalization factors of ϕ, ψ and Aµ, respec-
tively. The scalar potentials can be expanded as polyno-
mials of ρ = ϕ2/2, namely
F (ρ) = M2p + ξρ+ · · · , (A4)
U(ρ) = V +m2ρ+
1
2
λρ2 + · · · , (A5)
where M2p is the reduced Planck mass related to the New-
ton constant GN = 1/(8pi
2M2p), ξ is the non-minimal
coupling constant which connects between ρ and the
Ricci scalar, and V is the cosmological constant.
In our truncation the only violation of the gauge sym-
metries for the macroscopic metric gµν and gauge field
Aµ arises from gauge fixing and ghost terms. In the
approximation Γk = Γ¯k + Γgf + Γgh the flow equations
will be found to be equivalent to the ones obtained
from the gauge invariant flow equation with the same
ansatz for the gauge invariant functional Γ¯k. We empha-
size that in the background field formalism the ansatz
Γk = Γ¯k + Γgf + Γgh is only an approximation. The sym-
metries admit many additional invariants involving the
differences gµν − g¯µν or Aµ − A¯µ, with g¯µν and A¯µ the
background fields. We recall that the equivalence with
the gauge invariant flow equation holds only for this trun-
cation and for a physical gauge fixing.
For the gauge bosons the physical gauge fixing and the
ghost action are given by
Γ
(V )
gf =
1
2α
∫
x
√
g¯ (∂µA
µ)2, (A6)
Γ
(V )
gh =
∫
x
√
g¯ c¯ ∂µ∂
µc . (A7)
In order to specify the physical gauge fixing for the
metric we write the macroscopic metric as
gµν = g¯µν + hµν , (A8)
where g¯µν is a constant background metric and hµν is
a fluctuation field. The gauge fixing for diffeomorphism
symmetry is given by
Γgf =
1
2α
∫
x
√
g¯ g¯µνΣµΣν . (A9)
A class of general gauge fixings reads
Σµ = D¯
νhνµ − β + 1
4
D¯µh , (A10)
where h = g¯µνhµν is the trace mode. Bars on opera-
tors denote that covariant derivatives are formed with
the background metric, and indices of operators are con-
tracted by the background metric as well. The ghost
action associated to the gauge fixing (A10) is given by
Γgh = −
∫
x
√
g¯ C¯µ
[
g¯µρD¯2 +
1− β
2
D¯µD¯ρ + R¯µρ
]
Cρ ,
(A11)
30
where C and C¯ are ghost and anti-ghost fields. Eqs. (A9)
and (A10) constitute a general family of gauge fixings for
diffeomorphism symmetry, specified by two parameters
α and β. The choice β = −1 and α → 0 is a “physi-
cal gauge fixing” which only acts on the gauge modes in
hµν . In this work, we use this gauge choice. Nevertheless
the next subsection discusses general α and β. This will
demonstrate explicitly the particular role of the physical
gauge fixing.
2. Physical metric decomposition
A key quantity for the flow equation is the inverse prop-
agator or 1PI two-point function, as given by the matrix
of second functional derivatives of Γk. In order to de-
rive the explicit form for the metric two-point function,
we split the metric fluctuations into physical and gauge
fluctuations [77].
Accordingly, we decompose the metric fluctuations into
hµν = fµν + aµν , (A12)
where fµν are the physical metric fluctuations, and aµν
the gauge fluctuations or gauge modes. The physi-
cal metric fluctuations satisfy the transverse constraint
D¯µfµν = 0. In turn, the physical metric fluctuations can
be decomposed into two independent fields as
fµν = tµν + sµν , (A13)
where the graviton tµν is the transverse and traceless
(TT) tensor, i.e., D¯µtµν = g¯
µνtµν = 0. The tensor sµν is
given as a linear function of a scalar field σ such that
sµν = Sˆµνσ =
1
3
Pµνσ . (A14)
For a background geometry with constant curvature the
projection operator can be found explicitly as
Pµν =
(
g¯µν∆¯S + D¯µD¯ν − R¯µν
)(
∆¯S − R¯
3
)−1
, (A15)
with ∆¯S = −D¯2 = −D¯µD¯µ the covariant Laplacian act-
ing on scalar fields (spin-0 fields).
Similarly, the gauge modes or unphysical metric fluctu-
ations aµν are decomposed into a transverse vector mode
κµ, satisfying D¯
µκµ = 0, and a scalar mode u. In sum-
mary, the metric fluctuations (A12) are parametrized by
fµν = tµν +
1
3
Pµνσ ,
aµν = D¯µκν + D¯νκµ − D¯µD¯νu . (A16)
Using the linear combinations
σ =
3
4
(
∆¯S − R¯/3
∆¯S − R¯/4
)(
h+
(
∆¯S
)
s
)
,
u =
1
4
1
∆¯S − R¯/4
[
h− 3
(
∆¯S − R¯
3
)
s
]
, (A17)
we obtain the York decomposition [94] of the fluctuation
metric
hµν = tµν + (D¯µκν + D¯νκµ)
+
(
D¯µD¯ν +
1
4
g¯µν∆¯S
)
s+
1
4
g¯µνh, (A18)
where h = g¯µνhµν . The scalar modes s and h in the
York decomposition are given as a mixture of the physical
scalar mode σ and the gauge mode u.
The ghost fields can be decomposed similarly into vec-
tor and scalar fields
Cµ = C
⊥
µ + D¯µC , C¯µ = C¯
⊥
µ + D¯µC¯ , (A19)
where C⊥µ (C¯
⊥
µ ) is the transverse (anti-)ghost field and
C (C¯) is the scalar (anti-)ghost field.
These decompositions yield Jacobians that read
Jgrav1 =
[
det ′(1)
(D¯1)]1/2 ,
Jgrav0 =
[
det ′(0)
(D¯0) ∆¯S]1/2 ,
Jgh =
[
det ′′(0)
(
∆¯S
)]−1
, (A20)
with
D¯1 = ∆¯V − R¯
4
, D¯0 = ∆¯S − R¯
4
. (A21)
Here ∆¯V = −D¯2 is the Laplacian acting on vector fields
(spin-1 fields) and a prime denotes a subtraction of the
zero eigenmode. This subtraction, however, does not con-
tribute to the present truncation, so that we hereafter
neglect it.
3. Hessians
The two-point functions (or Hessians) for each degree
of freedom in the metric fluctuations defined in eq. (A16),
as well as for the scalar field ϕ, are obtained by calcu-
lating the second order variations of the effective action
(A2) in terms of the fluctuation fields. For our decompo-
sition of the metric fluctuations, the matrix of the Hes-
sians becomes block-diagonal for each degree of freedom
or spin. We neglect scale-independent overall constant
factors such as
√
g¯ and the gauge parameters since they
drop out in the flow equations.
For the tµν-mode, we obtain(
Γ
(2)
(tt)
)µνρσ
= F
[
D¯T − 2U
F
]
P (t)µνρσ , (A22)
where we define the derivative operator
D¯T = ∆¯T + 2R¯
3
, (A23)
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with the Laplacian ∆¯T = −D¯2 acting on transverse
traceless tensor fields (spin-2 fields). The TT-projection
operator is given by
P (t)µνρσ =
1
2
(PµρP νσ + PµσP νσ)− 1
3
PµνP ρσ , (A24)
with Pµν defied by eq. (A15).
The Hessian for the spin 1 gauge mode κµ is given by(
Γ
(2)
(κκ)
)µν
= D¯1
[
D¯1 + αR¯
2
− αU
]
P (v)µν , (A25)
with P (v) the projection operator on the vector mode,
P (v)µ
µ = 3. For α → 0 the inverse propagator for the
gauge-vector mode becomes independent of U
lim
α→0
(
Γ
(2)
k
)µν
κκ
=
(D¯1)2 P (v)µν . (A26)
We next turn to the Hessian for the scalar modes. In the (σ, u, ϕ)-field basis, we obtain
Γ
(2)
(00) =

(
Γ
(2)
(00)
)
grav
1
2
[
−F ′
(
∆¯S +
R¯
4
)
+ U ′
]
ϕ
1
4
(−F ′R¯+ 2U ′ϕ) ∆¯S
1
2
[
−F ′
(
∆¯S +
R¯
4
)
+ U ′
]
ϕ
1
4
(−F ′R¯+ 2U ′ϕ) ∆¯S Zϕ∆¯S +m2ϕ − 12 ξ˜ϕ R¯

, (A27)
where we define m2ϕ(ρ) = U
′ + 2ρU ′′ the field-dependent scalar mass and ξ˜ϕ(ρ) = F ′ + 2ρF ′′, and primes denote
derivatives with respect to ρ = ϕ2/2. Here the spin-0 gravitational part is given by the following 2× 2 matrix:(
Γ
(2)
(00)
)
grav
=
−F
6
[(
∆¯S −
3
8
R¯
)
∆¯S −
U
2F
(
∆¯S −
R¯
2
)](
∆¯S −
R¯
3
)−1
+
(β + 1)2
16α
∆¯S
F
4
(
U
F
− R¯
4
)
∆¯S +
(β + 1)(β − 3)
16α
(
∆¯S +
R¯
β − 3
)
∆¯S
F
4
(
U
F
− R¯
4
)
∆¯S +
(β + 1)(β − 3)
16α
(
∆¯S +
R¯
β − 3
)
∆¯S
F
16
(
∆¯S −
R¯
2
)(
R¯− 4U
F
)
∆¯S +
(β − 3)2
16α
(
∆¯S +
R¯
β − 3
)2
∆¯S
 .
(A28)
For general α and β the Hessian in the scalar sector is rather complicated. It simplifies considerably for a physical
gauge fixing which corresponds to β = −1. The 2 × 2 matrix
(
Γ
(2)
(00)
)
grav
becomes diagonal. For β = −1 the factor
1/α remains only in the Hessian for the spin 0 gauge mode Γ
(0)
(uu). In the limit α → 0 we can further neglect in the
matrix (A27) the elements mixing u with σ and ϕ. They do not diverge for α → 0 and drop out in the propagator
which is the inverse of Γ(2). As a result, for a physical gauge fixing the physical fluctuations and the gauge modes
decouple. The Hessian becomes block-diagonal in physical and gauge modes. For the physical modes one obtains the
2× 2 matrix
(
Γ
(2)
(00)
)
ph
=

−F
6
[(
∆¯S − 3
8
R¯
)
∆¯S − U
2F
(
∆¯S − R¯
2
)](
∆¯S − R¯
3
)−1
1
2
[
−F ′
(
∆¯S +
R¯
4
)
+ U ′
]
ϕ
1
2
[
−F ′
(
∆¯S +
R¯
4
)
+ U ′
]
ϕ Zϕ∆¯S +m
2
ϕ −
1
2
ξ˜ϕ R¯
 , (A29)
while the Hessian for the gauge scalar mode reads(
Γ
(2)
(00)
)
gauge
=
(
∆¯S − R¯
4
)2
∆¯S . (A30)
Finally, the Hessians for the ghost field obtains from
eq. (A11) as(
Γ
(2)
(C¯⊥C⊥)
)µν
= D¯1 P (v)µν ,
Γ
(2)
(C¯C)
=
(
∆¯S +
R¯
β − 3
)
∆¯S . (A31)
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It is an important consequence of the physical gauge
fixing β = −1 and α→ 0 that the Hessian for the spin-1
and 0 gauge modes and the ghost mode depend on neither
U nor F . This also holds for the Jacobians (A20). More
generally, all these terms do not depend on the form of
Γk. We will see in Appendix D that their contributions
to the flow equations can be combined into a universal
measure contribution, corresponding to the one employed
in the gauge invariant flow equation. The gravitational
measure contribution depends on the metric, but not on
the scalar field ϕ or any other matter fields. All these
important simplifications do not hold for a general gauge
fixing with arbitrary α and β.
At this stage we have collected all the ingredients nec-
essary for the flow equation (A1), up to the cutoff func-
tion Rk. The cutoff function will be specified in Ap-
pendix D, where we also compute the r.h.s of eq. (A1) in
our truncation. We are interested in the gauge invariant
kernel Γ¯k and therefore evaluate the flow generator for a
macroscopic metric equal to the background metric. The
bars on covariant derivatives can therefore be dropped in
the following.
Appendix B: Heat kernel evaluation of the flow
generator
The flow generator ζk, defined by the r.h.s of the flow
equation ∂tΓk = ζk, involves different contributions of
the type
ζk =
∑
i
ai trW (∆i) , (B1)
with ∆i appropriate differential operators. For the con-
tribution of a scalar field one has ∆ = −DµDµ, a = 1/2
and W (∆) = ∂˜t ln Pk(∆). The trace is conveniently eval-
uated in the heat kernel expansion, that we recall here
briefly for convenience.
Assume an operator ∆ with all eigenvalues positive,
λm > 0. For the evaluation of trW (∆) we make use of a
representation of the δ-distribution,∫ γ+i∞
γ−i∞
ds
2pii
es(z−λm) = δ(z − λm) , (B2)
that holds for real positive finite γ provided λm > 0.
Insertion of eq. (B2) yields
trW (∆) =
∑
m
W (λm) =
∑
m
∫ ∞
0
dz δ(z − λm) W (z)
=
∫ ∞
0
dzW (z)
∫ γ+i∞
γ−i∞
ds
2pii
esz tr e−s∆, (B3)
where we use
∑
m exp(−sλm) = tr exp(−s∆). One next
employs the expansion
tr e−s∆
=
1
16pi2
∫
x
√
g
{
c0(∆) s
−2 + c2(∆) s−1 + c4(∆) + · · ·
}
,
(B4)
for which the coefficients cn(∆) are well known for the
operators of interest here. This yields
trW (∆) =
1
16pi2
∞∑
n=0
Q2−n
∫
x
√
g c2n(∆) , (B5)
with
Qn =
∫ ∞
0
dzW (z)
∫ γ+i∞
γ−i∞
ds
2pii
eszs−n. (B6)
Evaluating eq. (B6) one finds
Q2 =
∫ ∞
0
dz zW (z) , Q1 =
∫ ∞
0
dzW (z) ,
Q0 = W (z = 0) , (B7)
or, more generally,
Qn =
1
Γ(n)
∫ ∞
0
dz zn−1W (z) , n ≥ 1,
Q−n = (−1)n ∂
nW
∂zn
∣∣∣∣∣
z=0
. n ≥ 0. (B8)
In particular, for W = ∂tRk/(z+Rk(z) +m
2) the coeffi-
cients Qn are directly related to the threshold functions
`dn that have been widely explored in functional renormal-
ization for different forms of the IR-cutoff Rk, cf. eq. (29).
The coefficients c0 and c2 are given by
c0 = b0 , c2 = b2R . (B9)
We display the value of b0 and b2 for the operators
relevant for various fields in Table I. The numbers for
fermions ψ are given for Majorana spinors. They have to
be doubled for Dirac spinors.
Appendix C: Flow of the graviton propagator
In this appendix we compute directly the flow equa-
tion for the inverse graviton propagator in flat space.
This will reveal important differences between the gauge
invariant flow equation and the background field formal-
ism for the flow of field derivatives of Γk. Only for the
gauge invariant flow the field derivatives and scale deriva-
tives commute. We focus on the infrared behavior of the
gravitational propagator, i.e. vanishing momentum in
flat space, since the main differences are already visible
there.
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TABLE I. Heat kernel coefficients for the individual fields in maximally symmetric four dimensional spacetime. “T” and “TT”
denote “transverse” and “transverse-traceless”, respectively.
tensor T-tensor TT-tensor vector T-vector Weyl spinor scalar
(hµν) (fµν) (tµν) (Aµ) (A
T
µ , κµ, C
⊥
µ ) (ψ) (a, u, σ, ϕ, C)
b0 10 9 5 4 3 2 1
b2
5
3
3
2
−5
6
2
3
1
4
1
3
1
6
1. Gauge invariant flow equation
Within the gauge invariant approach with a single met-
ric the inverse graviton propagator is given by the second
functional derivative of the gauge invariant effective av-
erage action Γ¯
(2)
grav,
Γ¯k =
1
2
∫
x
tµν
(
Γ¯(2)grav
)µνρτ
tρτ + · · · . (C1)
We compute the flow contribution of a single scalar field.
Our starting point is eq. (21),
∂tΓ¯k = piS =
1
2
tr ∂˜t ln
(
Pk(z) +m
2
)
, (C2)
with covariant Laplacian
z = −DµDµ = −gµν∂µ∂ν + Γ µνµ ∂ν . (C3)
Taking two derivatives one has
∂t
(
Γ¯(2)grav
)µνρτ
=
1
2
tr ∂˜t
∂2
∂tµν∂tρτ
ln
(
Pk(z) +m
2
)
.
(C4)
For the graviton propagator we need to expand z = −D2
up to second order in tµν
z = − (δµν − tµν + tµρtρν) ∂µ∂ν
−
(
tµρ∂µt
ν
ρ −
1
2
δµν (tτρ∂µt
τρ)
)
∂ν . (C5)
We consider the graviton propagator in the zero-
momentum limit. This corresponds to x-independent
tµν . In this case the operator z becomes diagonal in
momentum space
z(q, q′) =
(
q2 − tµνqµqν + tµρtρνqµqν
)
δ(q − q′) . (C6)
Insertion into eq. (C4) yields, with P¯ = Pk +m
2,
∂t
(
Γ¯(2)
)µνρτ
=
1
2
∫
q
∂˜t
{
1
P¯
∂P¯
∂z
∂2z
∂tµν∂tρτ
+
1
P¯
∂2P¯
∂z2
∂z
∂tµν
∂z
∂tρτ
− 1
P¯ 2
(
∂P¯
∂z
)2
∂z
∂tµν
∂z
∂tρτ
}
,
(C7)
to be evaluated at tµν = 0. Taking into account that tµν
is trace-free one finds, with z = q2,
∂t
(
Γ¯(2)
)µνρτ
=
1
2
∫
q
{
∂2
∂z2
(
∂tRk
Pk +m2
)
×
(
qµqν − 1
4
q2δµν
)(
qρqτ − 1
4
q2δρτ
)
+
1
2
∂
∂z
(
∂tRk
Pk +m2
)(
qµqρδντ + qµqτδνρ + qνqρδµτ
+ qνqτδµρ − qµqνδρτ − qρqτδµν + 1
4
q2δµνδρτ
)}
.
(C8)
We employ the identities∫
q
f
(
q2
)
qµqν =
1
4
∫
f
(
q2
)
q2δµν ,∫
q
f
(
q2
)
qµqνqρqτ
=
1
24
∫
f
(
q2
)
q4 (δµνδρτ + δµρδντ + δµτδνρ) , (C9)
and ∫
q
=
1
16pi2
∫ ∞
0
dz z , (C10)
in order to obtain
∂t
(
Γ¯(2)grav
)µνρτ
= −1
2
pi
(U)
S Pˆ
µνρτδ(q − q′) . (C11)
Here
pi
(U)
S = −
1
32pi2
∫ ∞
0
dz
(
z3
6
d2
dz2
+ z2
d
dz
)
∂tRk
Pk +m2
,
(C12)
and
Pˆµνρτ =
1
4
(2δµρδντ + 2δµτδνρ − δµνδρτ ) (C13)
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is a projector that eliminates the trace of hµν . A flow
of the zero-momentum graviton propagator of the form
(C11) follows if the part of Γ¯k not containing derivatives
of the metric has the diffeomorphism invariant structure
Γ¯k =
∫
x
√
g Ug = −Ug
4
∫
x
tµνt
µν ,
∂tUg = pi
(U)
S . (C14)
For ∂tRk vanishing fast enough for z → ∞ and
∂tRk/(Pk + m
2) remaining finite for z → 0 we can per-
form partial integrations,
pi
(U)
S = −
1
64pi2
∫ ∞
0
dz z2
∂
∂z
∂tRk
Pk +m2
=
1
32pi2
∫ ∞
0
dz z
∂tRk
Pk +m2
. (C15)
Comparison with the part of eq. (28) that remains for
a vanishing curvature scalar R = 0 shows that we can
identify Ug with the effective scalar potential U . This is
what one expects for a diffeomorphism-invariant effective
action if a derivative expansion is valid. On the diagram-
matic level several individual diagrams have to combine
in a particular way in order to arrive at this simple result.
This combination is dictated by diffeomorphism symme-
try.
2. Background field method
The use of covariant derivatives in the scalar IR-cutoff
function, and therefore the dependence of Rk on the
macroscopic metric gµν , are crucial for obtaining this
simple result. We can compare this result with the
background field method or computations without gauge
symmetry for which Rk does not depend on the macro-
scopic metric. It may depend on the background met-
ric g¯µν which corresponds to flat space in our case. If
we omit the metric-dependence of Rk, choosing instead
of
√
gRk
(−D2) a cutoff Rk(−∂2), ∂2 = δµν∂µ∂ν , the
derivative ∂/∂z in eq. (C12) is replaced by ∂˜z acting only
on the part ∼ z in Pk = z + Rk, resulting in ∂˜zP¯ = 1,
and
∂˜z
∂tRk
Pk +m2
= − ∂tRk
(Pk +m2)2
. (C16)
Furthermore the factor
√
g in the inverse propagator√
g(−D2 + m2) + Rk
(−∂2) is no longer cancelled by a
similar factor
√
g ∂tRk. As a consequence, the depen-
dence of z on tµν is supplemented by
δz = −(√g − 1)δµν∂µ∂ν = 1
4
tρτ t
ρτδµν∂µ∂ν . (C17)
This adds in momentum space to eq. (C6) a contribution
δz = −1
4
q2 tµνt
µν δ(q − q′) , (C18)
resulting in an additional piece
∆pi
(U)
S = −
1
32pi2
∫ ∞
0
dz z2
∂tRk
(Pk +m2)2
. (C19)
Taking things together, the non-covariant cutoff
Rk
(−∂2) replaces pi(U)S by p˜i(U)S ,
p˜i
(U)
S = −
1
96pi2
∫ ∞
0
dz z3
∂tRk
(Pk +m2)3
. (C20)
In general, one may expect contributions both from a
four-point vertex and from three-point vertices, that may
by represented graphically as
p˜i
(U)
S ∼ + . (C21)
Here the wiggled lines are gravitons, solid lines are scalar
propagators, and a cross denotes the insertion of ∂tRk.
Due to the particular momentum structure the four-point
vertex does not contribute, however, and eq. (C20) in-
volves the second graph only. In contrast, for the gauge
invariant flow pi
(U)
S there are further graphs where gravi-
ton lines are attached to the cross ∼ ∂tRk.
The result (C20) corresponds to a flat-space computa-
tion of the flow of the graviton propagator at zero mo-
mentum for a cutoff-function Rk that violates diffeomor-
phism symmetry. This is the type of computation per-
formed in ref. [40]. As noted there, the sign of p˜i
(U)
S is
opposite to the sign of pi
(U)
S . For a Litim cutoff one ob-
tains, with w˜ = m2/k2,
pi
(U)
S =
k4
32pi2(1 + w˜)
,
p˜i
(U)
S = −
k4
192pi2(1 + w˜)3
, (C22)
such that for w˜ = 0 one has p˜i
(U)
S = −pi(U)S /6, in agree-
ment with ref. [40].
The difference between pi
(U)
S and p˜i
(U)
S arises only from
the different choice of the IR-cutoff function. Since pi
(U)
S
corresponds to a diffeomorphism invariant effective aver-
age action, and the difference between pi
(U)
S and p˜i
(U)
S is
not small, we conclude that the violation of diffeomor-
phism symmetry in the scalar-induced flow is substantial
if Rk is not formulated in terms of covariant derivatives.
If scalar fluctuations play an important role, the trunca-
tion where vertices are derived from a gauge invariant Γ¯k
is valid only if Rk involves covariant derivatives. In other
words, if the flow equation is not gauge invariant, addi-
tional vertices will play a role. This generalizes to back-
ground gauge fixing if Rk involves a background metric
g¯µν different from the macroscopic metric gµν . The ad-
ditional vertices arise from terms involving the difference
gµν − g¯µν .
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There is, in principle, an ambiguity by which quantity
the coefficient of the curvature scalar is defined. Without
gauge invariance the graviton propagator and the gravi-
ton vertices are not directly related. If one wants to use
a truncation with a gauge invariant kernel Γ¯k, one has to
decide from which quantity one extracts the flow of F (ρ).
As we have argued, the effects of gauge symmetry break-
ing by a non-covariant cutoff function can be substantial.
They seem to be reduced if one employs the graviton ver-
tices, with a certain degree of encouraging universality
between the three- and four-point vertex [58].
3. Comparison
In principle, one is free to choose a cutoff function pro-
vided some general properties for the behavior at large
and small (covariant) momenta are obeyed. Different
choices of Rk correspond to different flow trajectories on
which the quantum effective action is reached for k → 0.
We want to choose initial conditions for the flow at large
k such that for k = 0, where Rk vanishes, the effective
action is diffeomorphism invariant. For k = 0 it should
only involve a single metric once the dependence on the
gauge modes is removed by a partial solution of the field
equations, taking the leading contribution from the phys-
ical gauge fixing term.
For the gauge invariant flow equation this is achieved
whenever we start at large k with a gauge invariant Γ¯k.
In contrast, for cutoff functions not involving the macro-
scopic metric one needs instead to take for the initial
value at large k an effective action which features terms
violating diffeomorphism symmetry. In this context the
gauge invariant flow equation seems to offer more con-
trol of the truncation. The issue if one can find a choice
of macroscopic fields and a precise definition of Γ¯k such
that the gauge invariant flow equation becomes exact is
not yet settled. Despite this shortcoming, it is our opin-
ion that truncations of the gauge invariant flow are more
reliable than a flow that violates diffeomorphism symme-
try.
One may ask which is the correct graviton propagator
which describes the propagation of gravitational waves
and encodes the information about the primordial cosmic
tensor fluctuations according to the formalism of ref. [77].
As discussed in a similar investigation for Yang–Mills the-
ories, this question concerns essentially the coupling to
physical sources [64]. For gravity, the physical sources
are given by a conserved energy momentum tensor.
By construction, the field equations derived from the
gauge invariant effective action Γ¯ involve a conserved en-
ergy momentum tensor. One actually defines in this set-
ting the physical energy momentum tensor by the field
equations derived from Γ¯ in the presence of matter fields,
suitably averaged in case of inhomogeneous matter dis-
tributions. The propagator GP , defined by the inverse of
Γ¯(2) on the subspace of physical fluctuations by eq. (9),
describes indeed the propagation of metric perturbations
induced by physical sources. It obeys all the necessary
criteria for the physical graviton propagator. For the for-
mulation of the gauge invariant effective average action
Γ¯k leading to the gauge invariant flow equations, these
properties extend to arbitrary k.
For formulations where the gauge fixing, the Faddeev–
Popov determinant and a possible IR-cutoff do not in-
volve the macroscopic metric, but rather an independent
fixed background metric (which may be a flat space met-
ric), the issue is more complicated. The field equations
derived from the effective action do no longer involve a
conserved energy momentum tensor. Indeed, we have
argued that for fixed background fields the effective av-
erage action Γk is not gauge invariant, even if a physical
gauge fixing is used. For k = 0 one may recover the
physical properties of diffeomorphism symmetry by use
of Slavnov–Taylor identities and BRST-symmetry. This
can be extended to those flow trajectories for k 6= 0
that recover for k = 0 the physical properties of dif-
feomorphism symmetry. This procedure involves mod-
ified Slavnov–Taylor identities [95] or associated “back-
ground field identities” [14], or a k-dependent version of
BRST-symmetry [96]. These identities control, in prin-
ciple, the diffeomorphism violating terms in the effective
action. They are rather different to handle in practice,
however. The gauge invariant effective average action Γ¯k
and the use of gauge invariant flow equations circumvents
all these complications, treating directly with objects of
interest.
We conclude that the inclusion of graphs from the field-
dependence of Rk is crucial for a simple justification of
gauge invariant truncations. A similar situation was pre-
viously discussed for the graviton contribution to the flow
of the graviton propagator at zero momentum [79]. Of
course, one may sometimes encounter situations where
the omission of graphs from the field dependence of Rk
has only modest consequences for the flow equations.
Appendix D: Flow generator
In this appendix we compute the flow equation for the
effective potential U and the coefficient of the curvature
tensor F in the background field formalism with physical
gauge fixing and a truncation Γk = Γ¯k + Γgf, with gauge
invariant Γ¯k and Γgf the gauge fixing term. In this ap-
proximation we find the same flow equations as for the
gauge invariant setting. In particular, the more detailed
result in the sector of physical scalar fluctuations can be
taken over directly to the gauge invariant flow, extending
the approximative result for pi0 in sect. IV D. As discussed
in Appendix C, this simple correspondence does not hold
for quantities involving field derivatives, as propagators
or vertices. The contribution of Appendices A and D is
self-contained and may be considered as an independent
computation of the flow equation.
Within the standard background field approach [14] we
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derive the flow generator which is given as
∂tΓk = ζk = pi2 + pi0 + η1 + η0 + τ . (D1)
Here pi2 and pi0 are the contributions from the spin-2
graviton (tµν) and the spin-0 scalar fields (σ and ϕ), re-
spectively, while η1 and η0 are the spin-1 (κµ, C
⊥
µ ) and
spin-0 (u, C) measure contributions. We also have to
regularize the Jacobians. The corresponding contribu-
tion to the flow equation is part of the measure contri-
bution η1 + η0. Contributions of additional matter fields
are denoted by τ . We concentrate on gravity coupled to
a single scalar field, for which the main ingredients for
the flow equation are given in Appendix A.
1. Infrared cutoff function
The infrared cutoff functionRk has to obey several cri-
teria: (i) It should regulate the propagator in the infrared
such that the momentum integration in the flow equation
(A1) remains finite for small q2. (ii) The derivative ∂tRk
should decay fast for high momenta q2  k2 such that
for fixed fields the momentum integral is also UV-finite.
(iii) The typical scale should be set by k, with Rk van-
ishing for k → 0. With these requirements only a finite
momentum interval of q2 near k2 contributes effectively
to the flow equation. (iv) In the background field formal-
ism the effective average action should be invariant under
combined gauge transformations of the macroscopic and
background metrics. Then Rk should be formulated in
terms of covariant derivatives involving the background
metric. (For the gauge invariant flow equation one uses
instead covariant derivatives involving the macroscopic
metric.)
These criteria limit the choice of Rk, but many dif-
ferent forms remain possible. We require here two addi-
tional properties: (v) The physical part of the cutoff func-
tion should be a sufficiently smooth function of the co-
variant momenta. In particular, it should not contain ex-
plicit projectors on particular modes which would induce
additional strong non-localities. A natural choice for the
metric is a cutoff Rk(Dˆf ) with Dˆf given by eq. (141) and
related directly to the second variation of the curvature
scalar. Similarly, for the scalars we will employ Rk(DS)
with DS the covariant scalar Laplacian. In the ghost sec-
tor Rk should be a function of the differential operator in
eq. (A11). While the use of explicit projectors is avoided
by these definitions of Rk, an effective projection on the
different modes will take place for maximally symmetric
geometries. In this case the relevant operators as Dˆf be-
come block-diagonal, and the same happens for Rk(Dˆf ).
The next criterion (vi) requires a separate cutoff for
the gauge modes that diverges ∼ 1/α for α → 0. This
is needed for an effective cutoff in this sector, since oth-
erwise the gauge fixing term ∼ 1/α would not be reg-
ularized. The cutoff for the gauge modes should only
act on the gauge fluctuations, not on the physical fluc-
tuations. This avoids mixing between the physical and
gauge modes also for k > 0. Finally, the Jacobians (A20)
need a regularization by Rk as well. Otherwise, they
would induce strong non-localities. Different choices and
normalizations of modes yield different Hessians and dif-
ferent Jacobians. The regularization for the Jacobians
should be of a type that makes the regularization inde-
pendent of the precise definition of fields.
Finally, we include in Rk prefactors as F such that Rk
has a similar structure as the second variation of kinetic
terms like FRk or Zϕ∂
µϕ∂µϕ. With these prescriptions
the addition of the IR-cutoff Rk replaces kinetic oper-
ators as F Dˆf by FPk(Dˆf ). Here Pk(D) is of the form
Pk(D) = D + Rk(D). For the flow equations we have to
add the IR-cutoff to the Hessian Γ
(2)
k . This replaces in
eq. (A22) D¯T by Pk(D¯T ), or in the ϕ–ϕ element of the
matrix (A27) Zϕ∆¯S → ZϕPk(∆¯S).
2. Physical metric fluctuations
We first evaluate the contributions from the physical
fluctuations. There are the TT-mode (tµν) and the phys-
ical spin 0 modes (ϕ and σ), whose forms of the flow
generators are given by
pi2 =
1
2
Tr(2)
∂tRk
Γ
(2)
k +Rk
∣∣∣∣∣
tt
,
pi0 =
1
2
Tr(0)
∂tRk
Γ
(2)
k +Rk
∣∣∣∣∣
ph
, (D2)
respectively. The two-point functions Γ
(2)
k for the TT-
mode and the physical spin 0 modes are shown in (A22)
and (A29), respectively.
a. spin 2 TT mode
Using the heat kernel method summarized in Ap-
pendix B we can evaluate the contributions (D2). Our
criteria for the IR cutoff function correspond for the TT-
mode to a type-II cutoff function in the naming of ref. [7],
with
W2(z) =
∂t(FRk(z))
F (Pk(z)− vk2) . (D3)
This is precisely the formula of Section IV B and results
in
pi2 =
1
16pi2
∫
x
√
g¯
[
20
3
k4`40(−v)
(
1− ηg
8
)
− 25
4
k2`20(−v)
(
1− ηg
6
)
R¯
]
, (D4)
with ηg = −∂t lnw. The threshold functions for the Litim
cutoff are evaluated as
`40(w˜) =
1
2(1 + w˜)
, `20(w˜) =
1
1 + w˜
. (D5)
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Using the formulae in Appendix E, one can find for com-
parison the case where a type-I cutoff is employed.
b. Spin 0 modes
Let us calculate contributions from the spin-0 physical
scalar fields. For our cutoff function only the diagonal
part of the Hessian is replaced with Pk(z) = z + Rk(z),
with z = ∆¯S . The projection of the cutoff on the σ-mode
yields
Rphk (z) =
Γσσk (Pk)− Γσσk (z) 0
0 ZϕRk(z)
 , (D6)
where
Γσσk (z) = −
F
6
[
z − 3R¯8
z − R¯3
z − U
2F
z − R¯2
z − R¯3
]
. (D7)
This apparently somewhat complicated form is only a
result of the projection, the original cutoff Rk(Dˆf ) being
much simpler.
We again extract the flow generator pi0 from the heat
kernel method. The physical spin 0 mode contributions
are given as
pi0 =
1
2
Tr(0)∂˜t ln
(
Γ
(2)
k +Rk
) ∣∣∣
ph
=
1
2
Tr(0)W0(z)
=
1
2(4pi)2
∫
x
√
g¯
{
b
(0)
0 Q2[W0] + b
(0)
2 Q1[W0]R¯
}
, (D8)
where ∂˜t is the t-derivative acting on only the scale de-
pendence in the regulator. The heat kernel function for
the spin 0 modes involves the eigenvalues of the regu-
lated inverse propagator matrix (A29), with ∆¯S replaced
by Pk(∆¯S). It reads
W0(z) = ∂˜t ln
{
3ρ
[
−F ′
(
z +
R¯
4
)
+ U ′
]2
+
F
18
[
Pk − 3R¯8
Pk − R¯3
Pk − U
2F
Pk − R¯2
Pk − R¯3
]
×
(
ZϕPk +m
2
ϕ −
ξ˜ϕ
2
R¯
)}
, (D9)
where the first term in the logarithm corresponds to the
mixing contribution between σ and ϕ.
In order to extract the explicit form of the beta func-
tions we define the dimensionless quantities
ρ˜ =
Zϕϕ
2
2k2
= Zϕρ , u(ρ˜) =
U(ρ)
k4
,
w(ρ˜) =
F (ρ)
2k2
, v(ρ˜) =
2U(ρ)
F (ρ) k2
=
u(ρ˜)
w(ρ˜)
,
n˜ϕ(ρ˜) =
ξ˜ϕ
Zϕ
=
F ′ + 2ρF ′′
Zϕ
= 2w′ + 4ρ˜w′′ ,
m˜2ϕ(ρ˜) =
m2ϕ
Zϕk2
=
U ′ + 2ρU ′′
Zϕk2
= u′ + 2ρ˜u′′ . (D10)
Evaluating eq. (D8) with eq. (D9) one finds
pi0 =
k4
32pi2
[
Υ
(σσ)
1,0,0,0,0,1 + Υ
(ϕϕ)
0,1,0,0,0,1
] ∫
x
√
g¯
+
k2
32pi2
[
1
6
{
Υ
(σσ)
1,0,0,0,0,0 + Υ
(ϕϕ)
0,1,0,0,0,0
}
− 1
2
{
Υ
(σσ)
1,0,0,1,1,0 + Υ
(ϕϕ)
0,1,0,1,1,0
}
− 1
24
{
Υ
(σσ)
2,0,1,0,1,1 + Υ
(ϕϕ)
0,0,1,1,1,1 − Φ(v)
}
− n˜ϕ
{
Υ
(σσ)
0,0,0,1,1,1 + Υ
(ϕϕ)
0,2,0,0,1,1
}]∫
x
√
g¯R¯. (D11)
Here the threshold functions are defined as
Υ
(σσ)
i,j,k,l,m,n =
∫ ∞
0
dx (xnfg(x))
(p(x) +m2ϕ)
i (p(x)− v/4)j (1− v/p(x))k
(
3ρ˜(−2w′x+u′)2
2w
)l
[
(p(x)− v/4) (p(x) +m2ϕ) + 3ρ˜(−2w′x+ u′)2/2w
]m+1 ,
Υ
(ϕϕ)
i,j,k,l,m,n =
∫ ∞
0
dx (xnfϕ(x))
(p(x) +m2ϕ)
i (p(x)− v/4)j (1− v/p(x))k
(
3ρ˜(−2w′x+u′)2
2w
)l
[
(p(x)− v/4) (p(x) +m2ϕ) + 3ρ˜(−2w′x+ u′)2/2w
]m+1
Φ(v) =
∫ ∞
0
dx fΦ(x)
(v/p(x))(p(x) + m˜2ϕ)
(p(x)− v/4) (p(x) +m2ϕ) + 3ρ˜(−2w′x+ u′)2/2w
. (D12)
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They involve the dimensionless combinations
fϕ(x) =
∂t(ZϕRk(z))
Zϕk2
= −ηϕr(x) + ∂tRk(z)
k2
,
fg(x) =
∂t(FRk(z))
Fk2
= (2− ηg)r(x) + ∂tRk(z)
k2
,
fΦ(x) = (4 + ∂t ln v − ηg) r(x) + x
p(x)
∂tRk(z)
k2
,
r(x) =
Rk(z)
k2
, p(x) =
Pk(z)
k2
, x =
z
k2
, (D13)
and the anomalous dimensions
ηg = −∂tw
w
, ηϕ = −∂tZϕ
Zϕ
. (D14)
The result is somewhat lengthy, partly because of the
mixing between the scalar modes. It simplifies consider-
ably if this mixing can be neglected. Assuming that in
the denominator of the threshold functions, one has
(p(x)− v/4) (p(x) +m2ϕ) 3ρ˜(2w′x+ u′)2/2w . (D15)
In this case the mixing term is suppressed and can be
neglected. In particular, the mixing is absent if ρ˜ = 0.
Neglecting the mixing, pi0 can be evaluated as pi0 =
pi
(S)
k + pi
(σ)
k , where pi
(S)
k is the contribution from the ϕ-
fluctuation given in eq. (30) and
pi
(σ)
0 =
k4
32pi2
Υ
(σσ)
1,0,0,0,0,1
∫
x
√
g¯
+
k2
32pi2
[
1
6
Υ
(σσ)
1,0,0,0,0,0 −
1
24
(
Υ
(σσ)
2,0,1,0,1,1 − Φ
)]∫
x
√
g¯R¯ .
(D16)
The threshold functions simplify in the absent of mixing
and we obtain for the Litim cutoff
pi
(σ)
0 =
1
32pi2
∫
x
√
g¯
[
4
3
(
1− ηg
8
)
k4
+
{
1
2(1− v/4)
(
1− ηg
6
)
− 1− v
18(1− v/4)2
(
1− ηg
8
)
+
1
24
Φ(v)
}
k2R¯
]
,
(D17)
where
Φ(v) = v
∫ ∞
0
dx
(4 + ∂t ln v − ηg) r(x) + xp(x) ∂tRk(z)k2
p(x) (p(x)− v/4)
=
3v
1− v/4
(
1 +
∂t ln v − ηg
6
)
. (D18)
The result (D17), (D18) has already a simple structure
from which the contributions to c
(σ)
V and c
(σ)
M are easily
extracted. We observe the appearance of various factors
(1− v/4), where the part ∼ v arises from the mass term
in the σ-propagator. For analytic discussions it is often
sufficient to set v = 0, since the c
(σ)
V and c
(σ)
M are sub-
dominant. We have discussed in the main text that this
is a valid approximation for our purposes. Setting v = 0,
eq. (D17) results in eq. (174).
3. Measure contribution
We next evaluate the measure contribution ηk. As ar-
gued in ref. [62], this contribution takes a simple form
ηk = −1
2
Tr(1)
∂tPk
(D¯1)
Pk
(D¯1) − 12Tr(0) ∂tPk
(D¯0)
Pk
(D¯0) , (D19)
with
D¯1 = ∆¯V − R¯
4
, D¯0 = ∆¯S − R¯
4
. (D20)
It is shown by explicit calculations in [12] that actually
the measure contribution is given indeed by eq. (D19),
with D1 = D0 = q2 in case of flat background g¯µν = δµν .
We generalize here the result to arbitrary background
metrics.
The measure contribution arises from the gauge fluc-
tuations, ghost fluctuations, and the regularization of the
Jacobian. Only the combination of all contributions re-
sults in the simple expression (D19). For the regularized
Jacobians we again replace the relevant differential oper-
ator D¯ by Pk(D¯). This is necessary since otherwise the
Jacobians would induce strong non-localities. The flow
contributions from the regularized Jacobians read
Jgrav1 =
1
2
Tr (1)
∂tPk
(D¯1)
Pk
(D¯1) ,
Jgrav0 = −1
2
Tr (0)
∂tPk
(D¯0)
Pk
(D¯0) − 12Tr (0) ∂tPk
(
∆¯S
)
Pk
(
∆¯S
) ,
Jgh = Tr (1)
∂tPk
(
∆¯S
)
Pk
(
∆¯S
) . (D21)
By a separate computation of all other individual con-
tributions we will show explictly that the combined mea-
sure contribution is given by the simple form (D19).
The spin-1 measure contribution is given by
η1 = δ
(1)
k − (1)k , (D22)
with the spin-1 vector gauge mode (A26) and the Jaco-
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bians (D21) for the spin-1 gauge field
δ
(1)
k = limα→0
1
2
Tr(1)
∂tRk
Γ
(2)
k +Rk
∣∣∣∣∣
κκ
+ Jgrav1
= Tr(1)
∂tPk
(D¯1)
Pk
(D¯1) − 12Tr(1) ∂tPk
(D¯1)
Pk
(D¯1)
=
1
2
Tr(1)
∂tPk
(D¯1)
Pk
(D¯1) , (D23)
and the spin-1 ghost mode (A31)

(1)
k = Tr(1)
∂tRk
Γ
(2)
k +Rk
∣∣∣∣∣
C¯⊥C⊥
= Tr(1)
∂tPk
(D¯1)
Pk
(D¯1) . (D24)
This sums up to the measure contribution form the spin
1 modes
η1 = −1
2
Tr(1)
∂tPk
(D¯1)
Pk
(D¯1) . (D25)
Next we discuss the spin-0 measure contribution. The
spin-0 gauge mode coming from the metric fluctuation
(A29) and the corresponding Jacobian (D21) is
δ
(0)
k = limα→0
1
2
Tr(0)
∂tRk
Γ
(2)
k +Rk
∣∣∣∣∣
gauge
+ Jgrav0
=
(
Tr(0)
∂tPk
(D¯0)
Pk
(D¯0) + 12Tr(0) ∂tPk
(
∆¯S
)
Pk
(
∆¯S
) )
− 1
2
(
Tr(0)
∂tPk
(D¯0)
Pk
(D¯0) + Tr(0) ∂tPk
(
∆¯S
)
Pk
(
∆¯S
) )
=
1
2
Tr(0)
∂tPk
(D¯0)
Pk
(D¯0) , (D26)
while the spin-0 ghost mode (A31) is
−(0)k = −Tr(0)
∂tRk
Γ
(2)
k +Rk
∣∣∣∣∣
C¯C
+ Jgh
= −
(
Tr(0)
∂tPk
(D¯0)
Pk
(D¯0) + Tr(0) ∂tPk
(
∆¯S
)
Pk
(
∆¯S
) )
+ Tr(0)
∂tPk
(
∆¯S
)
Pk
(
∆¯S
)
= −Tr(0)
∂tPk
(D¯0)
Pk
(D¯0) . (D27)
In consequence, the measure contribution of the spin 0
modes becomes
η0 = δ
(0)
k − (0)k = −
1
2
Tr(0)
∂tPk
(D¯0)
Pk
(D¯0) . (D28)
This concludes the proof that the total measure con-
tribution ηk = η1 +η0 is given by eq. (D19). For both the
spin 1 and 0 measure contributions, the simple relation
δk = 2k holds. We have employed here the type-II cutoff
scheme, namely the regulator Rk is employed to replace
D¯1 and D¯0 with Pk. Even if one uses the type-I cutoff
function such that ∆¯V and ∆¯S are replaced by Pk, these
relations hold.
The evaluation of eq. (D19) is done in Section IV C and
yields
ηk = − 1
16pi2
∫
x
√
g¯
(
4k4`40(0) +
17
12
k2`20(0) R¯
)
. (D29)
The use of eq. (E6) in Appendix E allows us to obtain the
case of the type-I cutoff functions.
4. Contributions from other free particles
We summarize contributions from massless free parti-
cles in the background field formalism. For NS scalars,
NF Weyl fermions and NV gauge bosons, we have con-
tributions,
τ = pi
(S)
k + pi
(F )
k + ζ
(V )
k
=
NS
2
Tr(0)
∂tPk(∆S)
Pk(∆S)
− NF
2
Tr( 12 )
∂tPk(−/D2)
Pk(−/D2)
+
NV
2
(
Tr(1)
∂tPk(DT )
Pk(DT ) − Tr(0)
∂tPk(∆S)
Pk(∆S)
)
=
k4
16pi2
(NS − 2NF + 2NV )`40(0)
∫
x
√
g¯
+
k2
96pi2
(NS +NF − 4NV ) `20(0)
∫
x
√
g¯ R¯. (D30)
The choice of the cutoff follows the criteria developed at
the beginning of this appendix. In the language of ref. [7]
this corresponds to a type-I cutoff for bosons, while for
fermions and gauge bosons the type-II cutoff is used. As
advocated, this yields (for ξ˜ = 0) the same flow equations
(121).
Appendix E: Different IR-cutoff scheme
For a comparison of different implementations of IR-
cutoffs we consider
Γ
(2)
k = ∆ + cR+ w˜k
2 = D + w˜k2, (E1)
with ∆ the negative covariant Laplacian in an appropri-
ate sector. For a cutoff function Rk(D) one obtains
ζ1 =
1
2
tr ∂˜t ln
(D +Rk(D) + w˜k2)
=
1
16pi2
∫
x
√
g
{
b0`
4
0(w˜) k
4 + (b2 − cb0) `20(w˜) k2R
}
.
(E2)
40
This cutoff is of type II in the classification of ref. [7].
If we choose instead a type I cutoff function Rk(∆) the
result is
ζ2 =
1
2
tr ∂˜t ln
(D +Rk(∆) + w˜k2)
=
1
16pi2
∫
x
√
g
{
b0`
4
0
(
w˜ +
cR
k2
)
k4
+ b2`
2
0
(
w˜ +
cR
k2
)
k2R
}
. (E3)
Expanding in power of R yields
ζ2 =
1
16pi2
∫
x
√
g
{
b0`
4
0(w˜) k
4
+
[
b2`
2
0(w˜)− c b0k2`41(w˜)
]
k2R
}
, (E4)
with
`d1(w˜) = −
∂
∂w˜
`d0(w˜) . (E5)
Comparison with ζ1 replaces in eq. (E2) for the coefficient
of R
(b2 − cb0)`20(w˜)→ b2`20(w˜)− cb0`41(w˜) (E6)
such that for the term ∼ c the threshold function `20(w˜) is
replaced by a different threshold function `41(w˜). Unless
there are particular cancellations of the type cb0 ≈ b2 or
cb0`
4
1 ≈ b2`20, the two types of cutoff give qualitatively
similar results. Quantitative differences fall into the gen-
eral class of cutoff differences. We recall, however, that
for fermions a chirally invariant cutoff in terms of the
Dirac operator does not allow for an arbitrary choice of
Rk
Appendix F: Constant scaling solution for the new
fixed point
We display in this appendix the contour plots for the
second scaling solution v−, w− and u− in Figs. 9, 10 and
11, respectively. In the red regions there is no stable
fixed point. The conditions, w− > 0 and v− < 1, are
not satisfied in the yellow regions. As discussed in Sec-
tion V D, the second scaling solution can be allowed only
for the green region in Fig. 4, which is the intersection of
the green regions in Figs. 9 and 10.
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FIG. 9. Contour plot of the fixed point value of v− in the
(N˜M , N˜U )-plane. For the yellow region on the right of the
figure there is no stable solution due to v− > 1. For the red
region no constant scaling solution is found.
0.03
0.025
0.02
0.015
0.01
0.005
*
Pure
● SM
⋄
SO(10) NS=50
⋄
SO(10) NS=100
⋄SU(5) NS=50
⋄SU(5) NS=100
-100 -50 0 50 100-100
-50
0
50
100
˜M
˜ U
w-
FIG. 10. Contour plot of the fixed point value of w− in the
(N˜M , N˜U )-plane. For the yellow region the new fixed point
has unstable gravity due to w− < 0. The combination of the
yellow and red region in Figs. 9 and 10 leads to the excluded
red and yellow region in Fig. 4.
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FIG. 11. Contour plot of the fixed point value of u− in the
(N˜M , N˜U )-plane.
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